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1. (6) Äîêàæèòå, ÷òî ñóùåñòâóåò ìàòðèöà ðàçìåðà 11×11, âñå ýëåìåí-
òû êîòîðîé ñóòü ±1, òàêàÿ ÷òî å�å îïðåäåëèòåëü õîòÿ áû 4000.

2. (10) Ïóñòü X è Y � ñëó÷àéíûå ìàòðèöû, òàêèå ÷òî ìàòðèöà EY Y ∗
îáðàòèìà. Äîêàæèòå íåðàâåíñòâî

EXY ∗(EY Y ∗)−1EY X∗ 6pd EXX∗,

ãäå A 6pd B îçíà÷àåò, ÷òî ìàòðèöà B − A íåîòðèöàòåëüíî îïðåäå-
ëåíà.

3. (14) Ïóñòü ôóíêöèÿ ϕ : R → R óäîâëåòâîðÿåò ñëåäóþùèì ñâîé-
ñòâàì:

(a) Ôóíêöèÿ ϕ ÷�åòíà;

(b) ϕ(0) = 1, ϕ(∞) = 0;

(c) Ôóíêöèÿ ϕ âûïóêëà íà (0,∞).

Äîêàæèòå, ÷òî ϕ � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ íåêîòîðîãî ðàñ-
ïðåäåëåíèÿ.

4. (14) Ïóñòü ñëó÷àéíûé âåêòîð X â R2 òàêîâ, ÷òî äëÿ âñÿêîãî äåòåð-
ìèíèðîâàííîãî âåêòîðà v ∈ R2 âåëè÷èíû 〈X, v〉 è 〈X, v⊥〉 íåçàâèñè-
ìû. Äîêàæèòå, ÷òî X � ãàóññîâñêèé âåêòîð (èëè òîæäåñòâåííûé).

5. à) (4) Ïóñòü ñëó÷àéíàÿ âåëè÷èíà X òàêîâà, ÷òî |X| 6 1 ïî÷òè íà-
âåðíîå, è EX = 0. Äîêàæèòå, ÷òî EeX 6 eEX
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á) (4) Ïóñòü a, b ∈ R, è ñëó÷àéíàÿ âåëè÷èíà X òàêîâà, ÷òî X ∈ [a, b]
ïî÷òè íàâåðíîå, EX = 0. Äîêàæèòå, ÷òî

EeX 6 e(b−a)
2/8.

â) (6) Ïóñòü ñëó÷àéíûå âåëè÷èíû Xj íåçàâèñèìû â ñîâîêóïíîñòè.
Ïóñòü òàêæå ai 6 Xi 6 bi. Äîêàæèòå íåðàâåíñòâî

P
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|aj − bj|2
) 1
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)
6 2e−2λ

2

, ãäå X =
n∑
j=1

Xj.

ã) (10) Ïóñòü {ξj}j � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí, ïðèíèìàþùèõ çíà÷åíèÿ ±1 ñ âåðîÿòíîñòüþ 1
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. Äîêàæèòå,
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÷òî äëÿ âñÿêîãî p > 0 íàéä�åòñÿ êîíñòàíòà C, òàêàÿ ÷òî äëÿ âñÿêîé
ïîñëåäîâàòåëüíîñòè {aj}j, âûïîëíåíî íåðàâåíñòâî
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6. (6) Ïóñòü Xj � ãàóññîâñêèå ñëó÷àéíûå âåëè÷èíû, òàêèå ÷òî Xj ïî-

÷òè íàâåðíî ñõîäèòñÿ ê X. Äîêàæèòå, ÷òî Xj
L2−→ X.

7. (6) Ïóñòü Xj � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè-
÷èí, ñõîäÿùèõñÿ ïî âåðîÿòíîñòè ê âåëè÷èíå X. Äîêàæèòå, ÷òî X
ïîñòîÿííà.

8. (4) Ïóñòü ïîñëåäîâàòåëüíîñòü ñîáûòèé Ai òàêîâà, ÷òî

lim inf
n→∞

∑n
i=1

∑n
j=1 p(Ai ∩ Aj)

(
∑n

i=1 p(Ai))
2

= 1,
∞∑
i=1

p(Ai) = +∞.

Äîêàæèòå, ÷òî ïî÷òè íàâåðíîå âûïîëíåíî áåñêîíå÷íîå êîëè÷åñòâî
ñîáûòèé Ai.

9. (8) Âû÷èñëèòå ãëàâíûé ÷ëåí àñèìïòîòèêè ñðåäíåãî çíà÷åíèÿ ôóíê-
öèè | · | ïî åäèíè÷íîìó êóáó â Rn, êîãäà n→∞.

10. (8) Ïóñòü ξn � ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ íåòðèâèàëü-
íûõ íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí,
òàêèõ ÷òî Eξi = 1. Äîêàæèòå, ÷òî ïîñëåäîâàòåëüíîñòü

∏n
i=1 ξi ñõî-

äèòñÿ ê íóëþ ïî÷òè íàâåðíîå.
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