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Ìîíîòîííàÿ ñâÿçíîñòü ìíîæåñòâ â áàíàõîâûõ

ïðîñòðàíñòâàõ è ëîêàëüíûå ñâîéñòâà åäèíè÷íîé ñôåðû

Èçâåñòíàÿ òåîðåìà À.Ë. Áðàóíà óòâåðæäàåò, ÷òî â êîíå÷íîìåðíîì (BM)-ïðî-

ñòðàíñòâå ëþáîå ñîëíöå ñâÿçíî ïî Ìåíãåðó, ÷òî, ñ ó÷åòîì îäíîãî ðåçóëüòàòà

àâòîðà íàñòîÿùåé ðàáîòû, âëå÷åò åãî ìîíîòîííóþ ëèíåéíóþ ñâÿçíîñòü. Â òåî-

ðèè ïðèáëèæåíèé õîðîøè èçâåñòíà õàðàêòåðèçàöèÿ ïðîñòðàíñòâ ðàçìåðíîñòè

3 èëè 4, â êîòîðûõ ëþáîå ÷åáûø¼âñêîå ìíîæåñòâî âûïóêëî. Òàêèì êðèòåðèàëü-

íûì ñâîéñòâîì îêàçûâàåòñÿ òðåáîâàíèå ãëàäêîñòè êàæäîé äîñòèæèìîé òî÷êè

åäèíè÷íîé ñôåðû. Îêàçûâàåòñÿ, ÷òî äëÿ çàäàííîãî ìíîæåñòâà M åãî âûïóê-

ëîñòü äîñòàòî÷íî óñòàíîâèòü, ïðîâåðÿÿ íà ãëàäêîñòü íå âñå äîñòèæèìûå òî÷êè

ñôåðû, à ëèøü M -äåéñòâóþùèå òî÷êè ñôåðû, ò.å. òå òî÷êè, �àíàëîãàìè� êî-

òîðûõ (ïðè ðàñòÿæåíèè è ñäâèãå åäèíè÷íîãî øàðà) ìîæíî êîñíóòüñÿ ìíîæå-

ñòâà M . Â íàñòîÿùåé ðàáîòå àíàëîãè÷íàÿ òåîðåìà óñòàíàâëèâàåòñÿ äëÿ ìîíî-

òîííî ëèíåéíî ñâÿçíûõ ìíîæåñòâ. Èìåííî, ïîêàçûâàåòñÿ, ÷òî ïîäìíîæåñòâî

M êîíå÷íîìåðíîãî íîðìèðîâàííîãî ïðîñòðàíñòâà ìîíîòîííî ëèíåéíî ñâÿçíî,

åñëè ëþáàÿ M -äåéñòâóþùàÿ òî÷êà åäèíè÷íîé ñôåðû ÿâëÿåòñÿ (BM)-òî÷êîé.

Ïîëó÷åííûé ðåçóëüòàò ïðèìåíÿåòñÿ òàêæå äëÿ èññëåäîâàíèÿ (BM)-òî÷åê êîí-

êðåòíûõ è àáñòðàêòíûõ ïðîñòðàíñòâ. Òàêæå äàåòñÿ õàðàêòåðèçàöèÿ òðåõìåð-

íûõ ïîëèýäðàëüíûõ ïðîñòðàíñòâ, â êîòîðûõ ëþáîå ñîëíöå ìîíîòîííî ëèíåéíî

ñâÿçíî.

1



2

À.Î. Áàãàïø

Ìåòîä âîçìóùåíèé äëÿ êîñîñèììåòðè÷åñêîé

ýëëèïòè÷åñêîé ñèñòåìû

Îáñóæäàåòñÿ âîïðîñ î ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ ñèëüíî ýëëèïòè-

÷åñêîé ñèñòåìû âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â æîðäàíî-

âîé îáëàñòè íà ïëîñêîñòè. Òàêàÿ ñèñòåìà ìîæåò áûòü çàïèñàíà â âèäå îäíîãî

óðàâíåíèÿ

afxx + 2bfxy + cfyy = 0 (1)

îòíîñèòåëüíî êîìïëåêñíîçíà÷íîé ôóíêöèè f ñ êîìïëåêñíûìè êîýôôèöèåíòà-

ìè a, b, c òàêèìè, ÷òî êîðíè λ1 è λ2 óðàâíåíèÿ aλ2 + bλ + c = 0 íåâåùåñòâåí-

íû è ëåæàò â ðàçíûõ ïîëóïëîñêîñòÿõ îòíîñèòåëüíî âåùåñòâåííîé ïðÿìîé. Ñ

ïîìîùüþ àôôèííîãî ïðåîáðàçîâàíèÿ ïëîñêîñòè ðàññìàòðèâàåìîå óðàâíåíèå

ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó

∂∂f + τ∂2f = 0 (2)

ñ îïåðàòîðàìè Êîøè � Ðèìàíà ∂, ∂ è ïàðàìåòðîì τ ∈ [0, 1).

Õîòÿ èçâåñòíû ðåçóëüòàòû î ðàçðåøèìîñòè çàäà÷è Äèðèõëå â êëàññè÷åñêîé

ïîñòàíîâêå äëÿ îáëàñòåé ñ ãëàäêèìè ãðàíèöàìè, îäíàêî òîëüêî â ñëó÷àå óðàâíå-

íèÿ Ëàïëàñà, îòâå÷àþùåãî çíà÷åíèþ τ = 0, óñòàíîâëåíà îáùàÿ ðàçðåøèìîñòü

çàäà÷è â ïðîèçâîëüíîé îäíîñâÿçíîé îáëàñòè � ýòî òåîðåìà Ëåáåãà 1907 ã.

Â äîêëàäå ðàññìàòðèâàåòñÿ ìåòîä âîçìóùåíèÿ, ñîñòîÿùèé â ïîèñêå ðåøåíèÿ

â âèäå ðÿäà

f =

∞∑
n=0

fnτ
n,

ãäå ôóíêöèè fn óäîâëåòâîðÿþò óðàâíåíèÿì

∂∂f0 = 0, ∂∂fn = −∂2fn−1, n ⩾ 1,

â çàäàííîé îáëàñòè, à ãðàíè÷íûå óñëîâèÿ ðàñïðåäåëÿþòñÿ ïî ýòèì ôóíêöèÿì.

Ïðèâîäèòñÿ ñõåìà äîêàçàòåëüñòâà ñõîäèìîñòè ìåòîäà â ñëó÷àå îáëàñòåé ñ äî-

ñòàòî÷íî ãëàäêèìè ãðàíèöàìè ïðè äîñòàòî÷íî ðåãóëÿðíûõ ãðàíè÷íûõ äàííûõ.

Êðîìå òîãî, äëÿ íåêîòîðûõ îáëàñòåé äàþòñÿ èíòåãðàëüíûå ïðåäñòàâëåíèÿ òèïà

Ïóàññîíà äëÿ ðåøåíèé êîñîñèììåòðè÷åñêèõ ñèñòåì.

Â.Þ. Áåðåçíþê

Êîììóòàòîðíàÿ äëèíà ñòåïåíåé â ñâîáîäíûõ

ïðîèçâåäåíèÿõ ãðóïï

Äàâíî èçâåñòíî, ÷òî â ñâîáîäíîé ãðóïïå íååäèíè÷íûé êîììóòàòîð íå ìîæåò

áûòü èñòèííîé ñòåïåíüþ. Â 1981 ãîäó Êàëëåðîì áûëî ïîêàçàíî, ÷òî ïðîèçâå-

äåíèå äâóõ êîììóòàòîðîâ ìîæåò áûòü òðåòüåé íåòðèâèàëüíîé ñòåïåíüþ. Áîëåå

òîãî, áûëî ïîêàçàíî, ÷òî ñóùåñòâóþò n-ûå íåòðèâèàëüíûå ñòåïåíè, êîòîðûå

ðàñêëàäûâàþòñÿ â ïðîèçâåäåíèå [n/2]+1 êîììóòàòîðà. Â 1991 Äàíêàíîì è Õà-

óè áûëî ïîêàçàíî, ÷òî äàííàÿ îöåíêà ÿâëÿåòñÿ òî÷íîé: â ñâîáîäíîì ïðîèçâåäå-

íèè ëîêàëüíî èíäèêàáåëüíûõ ãðóïï (à çíà÷èò è â ñâîáîäíîé ãðóïïå) íèêàêàÿ



3

íåòðèâèàëüíàÿ n-àÿ ñòåïåíü íå ìîæåò áûòü ðàçëîæåíà â ïðîèçâåäåíèå ìåíü-

øå, ÷åì [n/2]+ 1 êîììóòàòîðà. Â 2018 ãîäó Èâàíîâûì è Êëÿ÷êî, è íåçàâèñèìî

îò íèõ ×åíîì, áûëî ïîêàçàíî, ÷òî òà æå ñàìàÿ îöåíêà îñòàåòñÿ âåðíîé è äëÿ

ñâîáîäíîãî ïðîèçâåäåíèÿ ïðîèçâîëüíûõ ãðóïï áåç êðó÷åíèÿ.

Â äîêëàäå áóäåò äàíà àíàëîãè÷íàÿ îöåíêà äëÿ ñëó÷àÿ ñâîáîäíîãî ïðîèç-

âåäåíèÿ ïðîèçâîëüíûõ ãðóïï. Îêàçûâàåòñÿ, ÷òî â äàííîì ñëó÷àå ìèíèìàëü-

íàÿ âîçìîæíàÿ êîììóòàòîðíàÿ äëèíà íåòðèâèàëüíîé n-îé ñòåïåíè ðàâíÿåòñÿ

[n/2]− [n/N ] + 1, ãäå N � ýòî ìèíèìàëüíûé âîçìîæíûé ïîðÿäîê (áûòü ìîæåò

áåñêîíå÷íûé) íååäèíè÷íîãî ýëåìåíòà ãðóïïû G. Áîëåå òîãî, îêàçûâàåòñÿ, ÷òî

ýòîò ìèíèìóì äîñòèãàåòñÿ íà ñòåïåíÿõ êîììóòàòîðà [a, t], ãäå ïîðÿäîê ýëåìåíòà

a ðàâåí N .

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðåçóëüòàòàõ ñ À. À. Êëÿ÷êî.

À.Á. Áîãàòûðåâ

×åáûøåâñêèé àíçàö äëÿ çàäà÷è î ìíîãîïîëîñíîì ôèëüòðå

Ïðè ïðîåêòèðîâàíèè ðàäèîýëåêòðîííûõ óñòðîéñòâ âîçíèêàåò çàäà÷à î íàèëó÷-

øåé ðàöèîíàëüíîé àïïðîêñèìàöèè äâóçíà÷íîé èíäèêàòîðíîé ôóíêöèè íà ñè-

ñòåìå îòðåçêîâ (ïîëîñû ïðîïóñêàíèÿ è çàäåðæêè ýëåêòðè÷åñêîãî ôèëüòðà).

Áóäåò ðàññêàçàíî îá îïûòå èñïîëüçîâàíèÿ ÷åáûøåâñêîé êîíñòðóêöèè â ýòîé

çàäà÷å äëÿ ñóùåñòâåííîãî ïîíèæåíèÿ åå ðàçìåðíîñòè.

À.À. Âàãàðøàêÿí

Òåîðåìû åäèíñòâåííîñòè â àíàëèçå

Ìíîãèå òåîðåìû àíàëèçà ìîãóò ðàññìàòðèâàòüñÿ êàê òåîðåìû åäèíñòâåííîñòè,

áóäü òî òåîðåìà Øåííîíà-Êîòåëüíèêîâà â öèôðîâîé îáðàáîòêå ñèãíàëîâ, òåî-

ðåìà Êàíòîðà î òðèãîíîìåòðè÷åñêèõ ðÿäàõ, òåîðåìà áðàòüåâ Ðèññ â òåîðèè

ìåðû èëè òåîðåìà Êàðëñîíà â êîìïëåêñíîì àíàëèçå. Â äîêëàäå áóäóò èññëåäî-

âàíû ñîîòíîøåíèÿ ìåæäó ýòèìè òåîðåìàìè.

Ë.Â. Ãåíçå, Ñ.Ï. Ãóëüêî, Â.Ð. Ëàçàðåâ, Ò. Å. Õìûë¼âà

Êëàññèôèêàöèÿ ïðîñòðàíñòâ íåïðåðûâíûõ ôóíêöèé,

ïðîñòðàíñòâ áýðîâñêèõ ôóíêöèé è ñâîáîäíûõ

ïåðèîäè÷åñêèõ òîïîëîãè÷åñêèõ ãðóïï

Â äîêëàäå áóäåò ïðåäñòàâëåí îáçîð ðåçóëüòàòîâ, êàñàþùèõñÿ ëèíåéíîé, ðàâíî-

ìåðíîé è òîïîëîãè÷åñêîé êëàññèôèêàöèè ïðîñòðàíñòâ C(X,Y ) íåïðåðûâíûõ

ôóíêöèé è ïðîñòðàíñòâ B(X,Y ) áýðîâñêèõ ôóíêöèé, çàäàííûõ íà îòðåçêàõ îð-

äèíàëîâ è íåêîòîðûõ äðóãèõ ïðîñòðàíñòâàõ. Ñàìè ôóíêöèè ïðèíèìàþò ëèáî

âåùåñòâåííûå çíà÷åíèÿ, ëèáî çíà÷åíèÿ â ãðóïïå Z/nZ, à ïðîñòðàíñòâà ôóíê-
öèé ðàññìàòðèâàþòñÿ ñ òîïîëîãèåé ïîòî÷å÷íîé ñõîäèìîñòè.
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Ïîìèìî êëàññèôèêàöèè ïðîñòðàíñòâ ôóíêöèé â äîêëàäå òàêæå áóäåò ïðåä-

ñòàâëåíà êëàññèôèêàöèÿ ñâîáîäíûõ ïåðèîäè÷åñêèõ òîïîëîãè÷åñêèõ ãðóïï îò-

ðåçêîâ îðäèíàëîâ.

Áîëüøèíñòâî ïðåäñòàâëåííûõ ðåçóëüòàòîâ áûëè ïîëó÷åíû â ïåðèîä ñ 1975

ãîäà ïî íàñòîÿùåå âðåìÿ ñîòðóäíèêàìè êàôåäðû òåîðèè ôóíêöèé Òîìñêîãî

ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

Àndrey Domrin

Tau functions and their growth

Abstract: The Szeg�o�Widom constant occurring in the asymptotic formula for

truncated block Toeplitz determinants is a remarkable smooth function on the

loop group of the complete linear group, with many applications to orthogonal

polynomials and random matrix theory. In terms of the Riemann�Hilbert problem

on the circle, this function was recently recognized as the tau function of solutions of

soliton equations in the Segal�Wilson class. We extend the Toeplitz and Riemann�

Hilbert set-up to cover all local holomorphic solutions. In particular, we prove that

every local holomorphic (in x and t) solution of the Korteweg�de Vries equation

is the second logarithmic derivative of an entire function of the spatial variable x

and discuss the possible order of growth of this entire function along with similar

results and conjectures for other soliton equations.

Mikhail Dubashinskiy

Growth and divisor of complexi�ed horocycle eigenfunctions

In hyperbolic Lobachevsky planeH implemented as C+, consider functions u : H →
C satisfying(

−y2
(

∂2

∂x2
+

∂2

∂y2

)
+ 2iτy

∂

∂x

)
u(x+ iy) = s2u(x+ iy), x+ iy ∈ C+,

with τ large, s/τ small. These are eigenfunctions of quantum magnetic Hamiltonian.

By Bohr semiclassical correspondence principle, their high-frequency behavior is

governed by horocycle �ow over H. By Furstenberg Theorem on unique ergodicity

of the latter �ow, we have a plenty of such functions possessing Quantum Unique

Ergodicity (QUE) at the admissible energy level of classical Hamiltonian.

Also, horocycle eigenfunctions can be analytically continued to complexi�cation

of H which is just C×C. Under QUE assumption, we study growth of these functions

in the semiclassical limit and derive a corollary on asymptotics of their divisors.

À.Â. Äüÿ÷åíêî

Êëàññ Ëàãåððà-Ïîéà, òåîðåìà Ýðìèòà-Áèëåðà è âïîëíå

íåîòðèöàòåëüíûå ìàòðèöû
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Êëàññ Ëàãåððà-Ïîéà LP+ ñîñòîèò èç öåëûõ ôóíêöèé, êîòîðûå ÿâëÿþòñÿ (ðàâ-

íîìåðíûìè íà êîìïàêòàõ) ïðåäåëàìè ìíîãî÷ëåíîâ ñ îòðèöàòåëüíûìè íóëÿìè.

Ïðîñòîòû ðàäè áóäåì íîðìèðîâàòü ýòè ôóíêöèè òàê, ÷òîáû îíè áûëè íåîòðè-

öàòåëüíû â íóëå. Îäèí èç çàìå÷àòåëüíûõ ñïîñîáîâ õàðàêòåðèçîâàòü êëàññ LP+

äà¼ò òåîðåìà Ýéñåíà�Ýäðåÿ�Óèòíè�Ø¼íáåðãà, óòâåðæäàþùàÿ, ÷òî ò¼ïëèöåâà

ìàòðèöà òåéëîðîâñêèõ êîýôôèöèåíòîâ òàêèõ (è òîëüêî òàêèõ öåëûõ) ôóíê-

öèé âïîëíå íåîòðèöàòåëüíà (ò.å. âñå å¼ ìèíîðû íåîòðèöàòåëüíû). Äðóãàÿ çà-

ìå÷àòåëüíàÿ òåîðåìà (Ýðìèòà�Áèëåðà) ïîçâîëÿåò ñâÿçàòü êëàññ LP+ ñ óñòîé-

÷èâîñòüþ ïî Ãóðâèöó ìíîãî÷ëåíîâ è öåëûõ ôóíêöèé, äîïîëíèòåëüíî ââîäÿ â

ðàññìîòðåíèå ïðîáëåìó ìîìåíòîâ Ñòèëòüåñà.

Â äîêëàäå áóäóò ïðåäñòàâëåí ðÿä ðåçóëüòàòîâ íà ýòó òåìó: íîâûå è ñòàðûå

êðèòåðèè äëÿ ïðèíàäëåæíîñòè êëàññó LP+, îïèñàíèå ôóíêöèé, ïîðîæäàþ-

ùèõ âïîëíå íåîòðèöàòåëüíûå ìàòðèöû Ãóðâèöà (â ò.÷. îáîáù¼ííûå), à òàêæå

íåñêîëüêî çàíèìàòåëüíûõ ïðèìåðîâ.

È.Ð. Êàþìîâ

Ê íåðàâåíñòâàì òèïà Äîëæåíêî â ñëó÷àå îáëàñòåé ñ

ôðàêòàëüíûìè ãðàíèöàìè

Â õîäå äîêëàäà áóäåò äàí îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ ñîâìåñòíî ñ À.Ä.

Áàðàíîâûì, ïî íåðàâåíñòâàì òèïà Äîëæåíêî äëÿ îáëàñòåé ñ ôðàêòàëüíûìè

ãðàíèöàìè. Áóäóò ïðîäåìîíñòðèðîâàíû íîâûå íåðàâåíñòâà â òåðìèíàõ ðàçìåð-

íîñòè Ìèíêîâñêîãî. Îñîáîå âíèìàíèå áóäåò óäåëåíî ñëó÷àþ p < 1, ãäå íåñïðÿì-

ëÿåìîñòü ãðàíèöû îáëàñòè èãðàåò ñóùåñòâåííóþ ðîëü.

È.À. Êîëåñíèêîâ

Êîíôîðìíûé ìîäóëü ÷åòûðåõóãîëüíèêà

Ïóñòü Q = Q(A1A2A3A4) � ÷åòûðåõóãîëüíèê ñ óãëàìè δπ, απ, βπ è γπ ïðè

âåðøèíàõ A1, A2, A3 è A4 ñîîòâåòñòâåííî. ×åðåç M îáîçíà÷èì êîíôîðìíûé

ìîäóëü ÷åòûðåõóãîëüíèêà Q. Òîãäà M =
K
(√

r
)

2K
(√

1− r2
) , ãäå r ÿâëÿåòñÿ ðåøå-

íèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

2t2r2(t)r′(t)r′′′(t)− 3t2r2(t)r′′2(t) + (γ + δ)(γ + δ − 2)r′2(t)
(
r2(t)− t2r′2(t)

)
+

+t2r′4(t)
4(α− β)(γ − δ)r(t)(1 + r2(t))− 4

(
(α− β)2 + (γ − δ)2 − 1

)
r2(t)(

1− r2(t)
)2 = 0,

ïðè t = 1 ñ íà÷àëüíûì óñëîâèåì

r′(0) =
1

4

(
|A1A4|
|A2A3|

sin(γ + δ − 1)π

sinβπ

Γ(α)Γ(γ + δ)Γ(γ + δ − 1)

Γ(γ)Γ(δ)Γ(1− β)

) 1
γ+δ−1

,

r′′(0) = 2r′2(0)
(α− β)(γ − δ)

(γ + δ)(γ + δ − 2)
, r(0) = 0,
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ãäå Γ � ãàììà ôóíêöèÿ, K � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà.

Ôóíêöèÿ r = r(t) àíàëèòè÷íà îòíîñèòåëüíî ïåðåìåííîé t.

Ðåçóëüòàò ïîëó÷åí ñ ïîìîùüþ ðàáîòû [1].

Ëèòåðàòóðà

1. Kolesnikov I. A. A one-parametric method for determining parameters in the

Schwarz�Christo�el integral. Siberian Math. J. 2021, Vol. 62, No. 4, pp. 638�653.

À.Ñ. Êóçíåöîâ

Ïîëíîòà áèîðòîãîíàëüíûõ ñèñòåì äëÿ íåñêîëüêèõ

èíòåðâàëîâ

Ñîãëàñíî òåîðåìåÞíãà, äëÿ ëþáîé ïîëíîé ìèíèìàëüíîé ýêñïîíåíöèàëüíîé ñè-

ñòåìû íà îòðåçêå (â ïðîñòðàíñòâå êâàäðàòè÷íî-ñóììèðóåìûõ ôóíêöèé) áèîð-

òîãîíàëüíàÿ ñèñòåìà òàêæå ïîëíà. Íàì óäàëîñü îáîáùèòü ýòîò ðåçóëüòàò íà

ñëó÷àé äâóõ è òðåõ îòðåçêîâ. Êàê è â ñëó÷àå îäíîãî îòðåçêà, ìû (ñ ïîìîùüþ

ïðåîáðàçîâàíèÿ Ôóðüå) ïåðåôîðìóëèðóåì çàäà÷ó â òåðìèíàõ ïîëíîòû ñèñòåìû

âîñïðîèçâîäÿùèõ ÿäåð â ïðîñòðàíñòâå Ïýëè-Âèíåðà è ïðèâåäåì îïèñàíèå áèîð-

òîãîíàëüíûõ ýëåìåíòîâ â ýòîì ïðîñòðàíñòâå. Äîêëàä îñíîâàí íà ñîâìåñòíûõ

ðåçóëüòàòàõ ñ À.Ä. Áàðàíîâûì è Þ.Ñ. Áåëîâûì.

Aleksei Kulikov

Fourier uniqueness and non-uniqueness pairs

Given discrete sets Λ,M ⊂ R we call them a Fourier uniqueness pair if there does

not exist a non-trivial Schwartz function f such that f is zero on Λ and f̂ is zero on

M . In their breakthrough paper, Radchenko and Viazovska constructed �rst such

example with Λ = M = {±
√
n}n∈N0

∪{p} for some p ̸= ±
√
n and moreover provided

a way to reconstruct a function from the values of it and its Fourier transform on

this set. Later, Ramos and Sousa explored more general Fourier uniqueness sets

and they showed, in particular, that if γ < 1−
√
2
2 then Λ = M = {±nγ}n∈N0 is a

uniqueness pair.

Motivated by these results, we studied necessary and su�cient conditions for

a pair of sets to be a Fourier uniqueness pair. We showed that if Λ = M =

{±a
√
n}n∈N0 then (Λ,M) is a uniqueness pair if a < 1 and a non-uniqueness

pair if a > 1, and more generally we classi�ed all polynomial uniqueness and non-

uniqueness pairs up to the endpoint. Moreover, in the uniqueness case the result

can be improved to the frame bound and consequentially the interpolation formula

of the form

f(x) =
∑
λ∈Λ

aλ(x)f(λ) +
∑
µ∈M

bµ(x)f̂(µ),

thus extending the result of Radchenko and Viazovska. This in turn can be used to

construct an abundance of new crystalline measures.

The talk is based on a joint work with Fedor Nazarov and Mikhail Sodin.
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Sergey Lando

Weight systems related to Lie algebras

V. A. Vassiliev's theory of �nite type knot invariants allows one to associate to such

an invariant a function on chord diagrams, which are simple combinatorial objects,

consisting of an oriented circle and a tuple of chords with pairwise distinct ends in it.

Such functions are called �weight systems�. According to a Kontsevich theorem, such

a correspondence is essentially one-to-one: each weight system determines certain

knot invariant.

In particular, a weight system can be associated to any semi-simple Lie algebra.

However, already in the simplest nontrivial case, the one for the Lie algebra sl(2),

computation of the values of the corresponding weight system is a computationally

complicated task. This weight system is of great importance, however, since it

corresponds to a famous knot invariant known as the colored Jones polynomial.

The last year was a period of signi�cant progress in understanding and computing

Lie algebra weight systems, both for sl(2)- and gl(N)-weight system, for arbitraryN .

New recurrence relations were deduced, which allow for a lot of explicit formulas.

These methods are based on an idea, due to M. Kazarian, which suggests to extend

the gl(N)-weight system to permutations.

Questions concerning possible integrability properties of the Lie algebra weight

systems will be formulated.

The talk is based on work of M. Kazarian, the speaker, and the students P. Zakorko,

Zhuoke Yang, and P. Zinova.

Â.Ã. Ëûñîâ

Ìíîãîóðîâíåâûå àïïðîêñèìàöèè Ýðìèòà�Ïàäå

Äîêëàä ïîñâÿùåí ìíîãîóðîâíåâîé èíòåðïîëÿöèîííîé çàäà÷å Ýðìèòà�Ïàäå

äëÿ ñèñòåìû Íèêèøèíà ìàðêîâñêèõ ôóíêöèé. Ìû îáñóäèì âàæíîå ñâîéñòâî

ñîâåðøåííîñòè ñèñòåìû Íèêèøèíà äëÿ ýòîé çàäà÷è. Ïîäîáíî îðòîãîíàëüíûì

ìíîãî÷ëåíàì, ðåøåíèÿ ýòîé èíòåðïîëÿöèîííîé çàäà÷è îáëàäàþò ðÿäîì çàìå-

÷àòåëüíûõ àëãåáðàè÷åñêèõ è àñèìïòîòè÷åñêèõ ñâîéñòâ. Îíè óäîâëåòâîðÿþò ðå-

êóððåíòíûì ñîîòíîøåíèÿì äî áëèæàéøåãî ñîñåäà è ñâîéñòâó ïåðåìåæàåìîñòè

êîðíåé. Îíè òàêæå îïðåäåëÿþò ñîâìåñòíûå ðàöèîíàëüíûå àïïðîêñèìàöèè äëÿ

ñèñòåìû ìàðêîâñêèõ ôóíêöèé. Ìåòîäîì âåêòîðíîãî ðàâíîâåñíîãî ïîòåíöèà-

ëà ìû äîêàæåì ñõîäèìîñòü ëó÷åâûõ ïîñëåäîâàòåëüíîñòåé ýòèõ àïïðîêñèìà-

öèé, à òàêæå äàäèì îöåíêè ñêîðîñòè ñõîäèìîñòè. Ìû êðàòêî îáñóäèì èçâåñò-

íûå ïðèëîæåíèÿ ýòèõ àïïðîêñèìàöèé â èíòåãðèðóåìûõ ñèñòåìàõ (óðàâíåíèå

Äåãàñïåðèñà�Ïðî÷åçè), ñëó÷àéíûõ ìàòðèöàõ (äâóõìàòðè÷íàÿ ìîäåëü) è òåî-

ðèè îïåðàòîðîâ (ìàòðèöû ßêîáè íà äåðåâüÿõ).

È.Õ. Ìóñèí

Êîíñòðóêòèâíîå îïèñàíèå íåêîòîðûõ êëàññîâ

ïåðèîäè÷åñêèõ óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé
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Â äîêëàäå áóäóò ðàññìîòðåíû ïðîåêòèâíûå è èíäóêòèâíûå ïðåäåëû íîðìèðî-

âàííûõ ïðîñòðàíñòâ ïåðèîäè÷åñêèõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé

â Rn ñ çàäàííûìè îöåíêàìè íà ÷àñòíûå ïðîèçâîäíûå. Áóäåò äàíî èõ îïèñà-

íèå â òåðìèíàõ êîýôôèöèåíòîâ Ôóðüå è íàèëó÷øèõ òðèãîíîìåòðè÷åñêèõ ïðè-

áëèæåíèé. Êîíêðåòíûå ïðèìåðû òàêèõ ïðîñòðàíñòâ áóäóò ïðèâåäåíû. Îñîáîå

âíèìàíèå áóäåò óäåëåíî ñëó÷àþ n = 1. Òàêæå áóäóò ðàññìîòðåíû íåêîòîðûå

äðóãèå ïðîáëåìû, ìîòèâèðîâàííûå èññëåäîâàíèÿìè Ï.Ë. Óëüÿíîâà [1].

Ñïèñîê ëèòåðàòóðû

[1] P.L. Ul'yanov, �On classes of in�nitely di�erentiable functions�, Sb. Math., 70:1 (1991), 11�30.

Open Problem Session

Ýòà ñåññèÿ ïîñâÿùåíà îáñóæäåíèþ îòêðûòûõ çàäà÷ è îáëàñòåé èññëåäîâàíèé,

à òàêæå ïðåäñòàâëåíèþ êîðîòêèõ äîêëàäîâ.

Ó÷àñòíèêè: Ï.À. Ìîçîëÿêî, Þ.Ñ. Áåëîâ, À.Ä. Ìêðò÷ÿí, È.À. Ëîïàòèí, Ï.Â.

Áåëÿêîâ, È.Ñ. Õàð÷åíêîâ, È. Ëèìàð, Ò. ßâîðóê.

Í.Í. Îñèïîâ

Interpretable collective intelligence of non-rational human

agents

We outline how to create a mechanism that provides an optimal way to elicit,

from an arbitrary group of experts, the probability of the truth of an arbitrary

logical proposition together with collective information that has an explicit form

and interprets this probability. Namely, we provide arguments for the possibility

of the development of a self-resolving prediction market with play money that

incentivizes direct information exchange between experts. Such a system could, in

particular, motivate experts from all over the world to collectively solve scienti�c

or medical problems in a very e�cient manner. In our main considerations about

real experts, they are not assumed to be Bayesian and their behavior is described

by utilities that satisfy the von Neumann�Morgenstern axioms only locally.

Â.Â. Ïåëëåð

Ìàòðè÷íûå òðåóãîëüíûå ïðîåêòîðû â Sp ïðè p < 1. ×òî

ïðîèñõîäèò, êîãäà p ïðèáëèæàåòñÿ ê 1?

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû ñîâìåñòíîé ðàáîòû ñ À.Á. Àëåêñàí-

äðîâûì. Â íåäàâíåé íàøåé ðàáîòå áûëî ïîêàçàíî, ÷òî ïðè 0 < p < 1 íîðìà

òðåóãîëüíîãî ïðîåêòîðà â êëàññå Øàòòåíà - ôîí Íåéìàíà Sp íà ïðîñòðàíñòâå
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ìàòðèö ðàçìåðà nxn ïðè ôèêñèðîâàííîì ïîêàçàòåëå p ðàñò¼ò êàê n1/p−1. Ñ äðó-

ãîé ñòîðîíû, õîðîøî èçâåñòíî, ÷òî ïðè p = 1 íîðìû òàêèõ ïðîåêòîðîâ ðàñòóò

ëîãàðèôìè÷åñêè.

Â äîêëàäå áóäåò ðàññêàçàíî, êàê ìîæíî ïîëó÷èòü îïòèìàëüíûå îöåíêè íîðì

òàêèõ ïðîåêòîðîâ ðàâíîìåðíî ïî p è n. Ýòî ïîçâîëÿåò íàì ïîëó÷èòü ëîãàðèô-

ìè÷åñêèé ðîñò ïðè p = 1 êàê ïðåäåëüíûé ñëó÷àé îöåíîê â Sp, êîãäà ÷èñëî p

ñòðåìèòñÿ ê 1.

Ñ.Ñ. Ïåðåëåâñêèé, Å.À.Ï÷åëèíöåâ

Ìèíèìàêñíîå îöåíèâàíèå â äèôôóçèîííûõ ìîäåëÿõ ïî

íåïîëíûì äàííûì

Ïóñòü íàáëþäàåìûé ïðîöåññ (yt)t≥0 îïðåäåëåí íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ω,F ,P) ñëåäóþùèì ñòîõàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíåíèåì âèäà:

(1) dyt = S(yt) dt+ σ(yt)dwt , 0 ≤ t ≤ T ,

ãäå (wt)t≥0 - ñêàëÿðíûé ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, íà÷àëüíîå çíà÷åíèå

y0 - íåêîòîðàÿ çàäàííàÿ êîíñòàíòà, S(·) - íåèçâåñòíûé ñèãíàë, σ(·) - íåèçâåñò-
íûé ñòîõàñòè÷åñêèé êîýôôèöèåíò âîëàòèëüíîñòè. Çàäà÷à - ïîñòðîèòü ìèíè-

ìàêñíóþ ïðîöåäóðó âûáîðà ìîäåëè äëÿ îöåíèâàíèÿ ñèãíàëà S ïî íàáëþäåíèÿì

(ytj )0≤j≤N , tj = j/δT , N = [T/δT ] � ðàçìåð âûáîðêè, à ïàðàìåòð δT ∈ (0, 1) -

íåêîòîðàÿ ôóíêöèÿ îò T . Ìèíèìàêñíîñòü ïðîöåäóðû îöåíèâàíèÿ óñòàíàâëè-

âàåòñÿ çà ñ÷åò òîãî, ÷òî ïðåäëàãàåòñÿ îöåíêà, êîòîðàÿ èìååò áîëåå âûñîêóþ

ñðåäíåêâàäðàòè÷åñêóþ òî÷íîñòü ïî ñðàâíåíèþ ñ îöåíêàìè íàèìåíüøèõ êâàä-

ðàòîâ (ÌÍÊ) äëÿ ëþáîãî êîíå÷íîãî îáúåìà íàáëþäåíèé.

Êà÷åñòâî îöåíèâàíèÿ ñèãíàëà S íà îòðåçêå [a, b] èçìåðÿåòñÿ ñðåäíåêâàäðà-

òè÷åñêèì ðèñêîì

(2) Rϑ(ŜT , S) = Eϑ∥ŜT − S∥2 , ∥S∥2 =

∫ b

a

S2(t)dt ,

ãäå Ŝ - íåêîòîðàÿ îöåíêà (èçìåðèìàÿ ôóíêöèÿ îò íàáëþäåíèé), Eϑ - ìàòåìà-

òè÷åñêîå îæèäàíèå îòíîñèòåëüíî ðàñïðåäåëåíèÿ íàáëþäåíèé (yti)1⩽j⩽N ïðè

ôèêñèðîâàííûõ ôóíêöèÿõ S è σ. Ïðè ýòîì ϑ = (S, σ)∈Θ, ãäå Θ - ôóíêöèî-

íàëüíîå ñåìåéñòâî äîïóñòèìûõ êîýôôèöèåíòîâ.

Äëÿ íåàñèìïòîòè÷åñêîãî îöåíèâàíèÿ íåèçâåñòíîãî ñèãíàëà S ïðèìåíèì ïî-

ñëåäîâàòåëüíûé ïîäõîä èç [2]. Èñïîëüçóÿ ìåòîä óñå÷åííîãî ïîñëåäîâàòåëüíîãî

îöåíèâàíèÿ, ñòðîèòñÿ ïîñëåäîâàòåëüíûé ïëàí (S̃k, τk), ñ ïîìîùüþ êîòîðîãî ïå-

ðåõîäèì îò ìîäåëè (1) ê åå àïïðîêñèìàöèè ðåãðåññèîííîé ìîäåëüþ íà ñåòêå

zk = a+ k(b− a)/n, k = 1, n íà [a, b], n = [
√
T (b− a)/4]− 1. Çàòåì äëÿ îöåíèâà-

íèÿ ñèãíàëà S ïîëüçóåìñÿ äèñêðåòíûì ðàçëîæåíèåì Ôóðüå ïî áàçèñó (ϕj)j⩾1 â

ïðîñòðàíñòâå L2[a, b]: S(zk) =
∑n

j=1 θjϕj(zk), ãäå θj =
b− a

n

∑n
k=1 S(zk)ϕj(zk) �

íåèçâåñòíûå êîýôôèöèåíòû Ôóðüå, äëÿ îöåíèâàíèÿ êîòîðûõ âìåñòî êëàññè÷å-

ñêèõ îöåíîê ÌÍÊ ïðåäëàãàþòñÿ ñëåäóþùèå ñæèìàþùèå îöåíêè θ∗j,n, îïðåäå-

ëåííûå â [1]. Îêîí÷àòåëüíî îïðåäåëÿåì êëàññ âçâåøåííûõ ñæèìàþùèõ îöåíîê
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ñèãíàëà S äëÿ âñåõ a ⩽ z ⩽ b:

(3) S∗
λ(z) =

n∑
k=1

S∗
λ(zk)1{zk−1<z<zk}, S

∗
λ(zk) =

n∑
j=1

λjθ
∗
j,nϕj(zk),

ãäå λ = (λ1, ..., λn) - âåêòîð âåñîâûõ êîýôôèöèåíòîâ, êîòîðûé ïðèíàäëåæèò

íåêîòîðîìó êîíå÷íîìó ìíîæåñòâó Λ ⊂ [0, 1]n.

Äàííàÿ îöåíêà îáëàäàåò ñëåäóþùèì ñâîéñòâîì.

Theorem 1 Ïóñòü íàáëþäåíèÿ îïèñûâàþòñÿ óðàâíåíèåì (1). Òîãäà äëÿ ëþ-

áîãî n > 3 è λ = (λj)j⩾1 ðàâíîìåðíî ïî âñåì ϑ ∈ Θ îöåíêà (3) ïðåâîñõîäèò ïî

ñðåäíåêâàäðàòè÷åñêîé òî÷íîñòè îöåíêó ÌÍÊ.

Ñïèñîê ëèòåðàòóðû

[1] Pchelintsev E.A., Perelevskiy S.S., Makarova I.A. Improved nonparametric estimation of the

drift in di�usion processes // Ó÷åíûå çàïèñêè Êàçàíñêîãî óíèâåðñèòåòà. Ñåðèÿ: Ôèçèêî-

ìàòåìàòè÷åñêèå íàóêè. - 2018. - Vol. 160, � 2. - P. 364-372.

[2] Galtchouk L., Pergamenshchikov S. Adaptive Sequential Estimation for Ergodic Di�usion

Processes in Quadratic Metric // Journal of Nonparametric Statistics. � 2011. � Vol. 23. �

P. 255-285.

Â.À. Ïåòðîâ

Ìîòèâû Ìîðàâû è èíâàðèàíò Ðîñòà

Ãëàâíîìó îäíîðîäíîìó ïðîñòðàíñòâó îòíîñèòåëüíî ïðîñòîé àëãåáðàè÷åñêîé ãðóï-

ïû îòâå÷àþò èíâàðèàíòû â ãðóïïå Áðàóýðà, íàçûâàåìûå àëãåáðàìè Òèòñà. Åñ-

ëè ãðóïïà îäíîñâÿçíà, ýòè èíâàðèàíòû òðèâèàëüíû, íî ìîæíî îïðåäåëèòü èí-

âàðèàíò ñëåäóþùåé ñòåïåíè, íàçûâàåìûé èíâàðèàíòîì Ðîñòà.

Èç ðåçóëüòàòà È.À. Ïàíèíà ñëåäóåò, ÷òî ìîòèâû ìíîãîîáðàçèé ôëàãîâ ñ êî-

ýôôèöèåíòàìè â ãðóïïå Ãðîòåíäèêà K0 èçîìîðôíû òîãäà è òîëüêî òîãäà, êî-

ãäà àëãåáðû Òèòñà èçîìîðôíû. Ìû ïðåäëàãàåì àíàëîã ýòîãî ðåçóëüòàòà äëÿ

ñëó÷àÿ èíâàðèàíòà Ðîñòà; âìåñòî ãðóïïû Ãðîòåíäèêà ïðè ýòîì íàäî ðàññìàò-

ðèâàòü K-òåîðèþ Ìîðàâû K(2).

Valery Pchelintsev

On the spectral properties of elliptic operators in divergence

form in quasidiscs 1

We study spectral properties of two-dimensional elliptic operators in divergence

form

(LAf)(z) = −div[A(z)∇f(z)], z = (x, y) ∈ Ω.

with the Neumann boundary condition in quasidiscs Ω ⊂ R2.

We assume that the matrix A is de�ned a.e. in R2 and satis�es the following

regularity conditions:

1The research was supported by RSF Grant No. 20-71-00037.
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1) The matrix A belongs to the class of all 2 × 2 symmetric matrix functions

A(w) = {akl(w)} with measurable entries akl(w) de�ned in R2 that satis�ed to the

additional condition detA = 1 a.e. in R2.

2) The matrix A satis�es to the uniform ellipticity condition: there exists 1 ≤ K <

∞ such that the inequality

1

K
|ξ|2 ≤ ⟨A(w)ξ, ξ⟩ ≤ K|ξ|2, a.e. in R2,

holds for every ξ ∈ R2.

Recall that a quasidisc is the image of the unit disc D under a quasiconformal

mapping of the plane onto itself. The class of quasidiscs includes Lipschitz domains

and some fractals domains (snow�akes). The Hausdor� dimension of the quasidisc's

boundary can be any number in [1, 2).

Our approach is based on the theory of Sobolev extension operators and leads

to the following results.

The �rst main result states [1]: Let Ω and Ω̃ be quasidiscs in R2. If Ω̃ ⊃ Ω then

µ1(A,Ω) ≥ µ1(A, Ω̃)

∥EΩ∥2
,

where ∥EΩ∥ denotes the norm of the linear continuous extension operator

EΩ : L1,2
A (Ω) → L1,2

A (Ω̃).

This result gives the quasi-monotonicity property of Neumann eigenvalues in

quasidiscs.

By using previous result and the uniform ellipticity condidion of the matrix A

we obtain [1]: Let DA be an A-quasidisc. Then the following inequality holds

µ1(A,DA) ≥
1

4K
·
(

j′1,1
RDA

)2

,

where K is the ellipticity constant of the matrix A, RDA
= max

D(0,1)
|φ−1

A (x)− φ−1
A (0)|

and j′1,1 ≈ 1.84118 denotes the �rst positive zero of the derivative of the Bessel

function J1.

This result gives a connection between principal frequencies of free non-homogeneous

membranes and the smallest-circle problem.

These results were obtained jointly with V. Gol'dshtein and A. Ukhlov.

Ñïèñîê ëèòåðàòóðû

[1] Gol'dshtein V. Pchelintsev V., Ukhlov A. Principal frequencies of free non-homogeneous

membranes and Sobolev extension operators // arXiv:2112.13371.

Evgeny Pchelintsev, Serguei Pergamenchtchikov, Roman Tenzin

Optimal sequential procedures for the quickest detection of

the onset of the spread of epidemics2

2The research was supported by RSF Grant No. 22-21-00302.
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In this paper we consider an stochastic extension of the Susceptible - Infected -

Recovered (SIR) epidemic model, introduced in [2] on the �nite time interval [0, N ].

According to this model, the population is divided in three groups, (S)usceptible,

(I)nfected, and (R)ecovered, that form a non-stationary Markov chain. Any individual

can move through the states in order, S → I → R. The �rst transition, from S to

I, occurs when an individual gets infected, and the second transition, from I to

R, means recovery from the disease (and presumably, immunity from re-infection

until the next epidemic season). At every time moment 0 ≤ n ≤ N , members

of the susceptible group can become infected with probability 0 < p < 1. For

epidemics, the change of infected rate from "non-epidemic value"θ∗ to "epidemic

value" θ (0 < θ∗ < θ < 1) means the beginning of an epidemic. The main problem

is to detect this time moment as soon as possible. In this paper we study this

problem in the framework of the epidemiological statistical models proposed in [1]

in non asymptotic setting, i.e; for a �xed �nite N on the basis of the Bayesian

approach. Denoting the number of susceptible people at the time n by Xn and the

last time moment before the epidemics beginning by ν assume, that (Xn)1≤n≤ν

and (Xn)n>ν are homogeneous Markov processes with the values in the �nite space

(X , µ), X = {0, . . . , D}, where D ∈ N is the number of susceptible people at the

initial time n = 0. Moreover, in this case we set µ{0} = . . . = µ{D} = 1. In this

model, the conditional Xn|Xn−1 densities for n ≤ ν and for n > ν are de�ned

respectively as

f∗(y|x) =
(
x

y

)
(θ∗)

x−y(1− θ∗)
y 1{x≥y} and f(y|x) =

(
x

y

)
θx−y(1− θ)y 1{x≥y} ,

where 0 < θ∗ < θ < 1.

For this problem we develop new non-asymptotic Bayesian optimal procedures

for quickest detection of the onset of epidemics in binomial epidemiological models

on a �nite time interval [0, N ] for uniform prior distribution, i.e. πn = π∗ = 1/(N +

1). To this end we use the methods of optimal stopping of homogeneous Markov

processes. Based on the stochastic dynamic programming method and based on

the modi�ed Roberts statistics, Bayesian detection procedures for uniform prior

distributions will be developed. Note that such methods provide ample opportunities

for practical epidemiological analysis since a uniform (not informative) distribution

over a given �nite time interval does not contain any parameters and is the most

adequate approach to the problem of early detection of epidemics in the absence of

information about the distribution of the moments of the beginning of an epidemic.

Note, that usually the Bayesian procedures are used only for geometrical prior

distribution containing an unknown parameter, which makes practical use very

much di�cult. Moreover, It should be noted, as is shown in [3] it is not possible also

to use the CUSUM procedures for the epidemic binomial models since the Kullback -

Leibler information equals to zero. For this reason, we propose a Bayesian approach

based on a uniform prior distribution of the onset time of an epidemic. To this end,

we note, that in this case the Roberts statistics Rn can be for n ≥ 1 represented as

Rn = ηn

n−1∑
i=0

πi hi,n−1 + π∗ = ηnRn−1 + π∗ ,

where ηj = η(Xj , Xj−1), η(y, x) = f(y, x)/f∗(y, x) and R0 = π∗.
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Now we de�ne the sequential procedure as

t∗λ = min
{
k ≥ 0 : QN−k

λ (g)(Rk, Xk) = Rk

}
,

where g(r, x) = r and for any r ∈ R+ and x ∈ X the function QN−k
λ (g)(r, x) is

de�ned as

Qλ(h)(r, x) = max (h(r, x) , T(h)(r, x)− λr) and T(h)(r, x) = E∗
r,x h(R1, X1) .

Here E∗
r,x(·) = E∗ (· |R0 = r , X0 = x). The main result is the following.

Theorem 2 Assume, that there exist 0 < λα < ∞ such that for 0 < α < 1

(4) P̃(t∗λα
< ν) = α .

Then the stopping time t∗λα
is optimal, i.e.

Ẽ(t∗λα
− ν)+ = inf

τ∈Mα

Ẽ(τ − ν)+ .

Now we note, that to study the equation (4) we note, that for 0 < α < N/(N + 1)

one needs to chose parameter λ from the set

Λ0 =
{
λ ≥ 0 : QN

λ (g)(π∗, D) > π∗
}

and λmax = sup{λ > 0 : QN
λ (g)(π∗, D) > π∗} .

In this case for λ ∈ Λ0 the equation (4) can be rewritten as

F (λ) = α ,

where

F (λ) =

N−1∑
m=1

∑
(k1,...,km)∈Xm

1{min1≤j≤m(QN−j
λ (g)(rj ,kj)−rj)=0}q

∗
m(k1, . . . , km)

and

q∗m(k1, . . . , km) =

m∏
ι=1

f∗(kι|kι−1) =

m∏
ι=1

(
kι−1

kι

)
(θ∗)

kι−1−kι(1−θ∗)
kι 1{kι−1≥kι} and k0 = D .

So, in this case we chose λ as

λ∗
α = sup{0 ≤ λ ≤ λmax : F (λ) ≤ α} .

Ñïèñîê ëèòåðàòóðû

[1] Baron, M., Choudhary K. and Yu, X. (2013) Change-Point Detection in Binomial Thinning

Processes, with Applications in Epidemiology // Sequential Analysis: Design Methods and

Applications, 32, 350-367.

[2] Kermack, W. O. and McKendrick, A. G. (1927) A Contribution to the Mathematical Theory

of Epidemics // Proceedings of Royal Society of London, Series A 115, 700-721.

[3] Pergamenchtchikov, S. M., Tartakovsky, A. G. and Spivak, V. (2022) Minimax and pointwise

sequential changepoint detection and identi�cation for general stochastic models // Journal of

Multivariate Analysis, 190, 104977.

Roman Romanov

Determinantal processes and division invariant spaces
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We explore the link between determinantal point processes and division invariant

reproducing kernel Hilbert spaces. An example of such spaces is given by the

classical de Branges spaces of entire functions. A wide class of quasi-invariant

processes is described in the functional terms.

À.Ã. Ñåðãååâ

Ýðìèòîâû óðàâíåíèÿ ßíãà�Ìèëëñà è èõ îáîáùåíèÿ

Ýðìèòîâî óðàâíåíèå ßíãà�Ìèëëñà � ýòî íåëèíåéíîå óðàâíåíèå íà ýðìèòîâó

ìåòðèêó, çàäàííóþ íà ãîëîìîðôíîì âåêòîðíîì ðàññëîåíèè íàä êîìïàêòíûì

êýëåðîâîì ìíîãîîáðàçèåì. Åãî ìîæíî òàêæå ðàññìàòðèâàòü êàê óðàâíåíèå íà

óíèòàðíóþ ñâÿçíîñòü, àññîöèèðîâàííóþ ñ óêàçàííîé ýðìèòîâîé ìåòðèêîé. Åñëè

ðàçìåðíîñòü áàçîâîãî ìíîãîîáðàçèÿ ðàâíà 1, òî ðåøåíèÿìè ýðìèòîâà óðàâíå-

íèÿ ßíãà�Ìèëëñà ÿâëÿþòñÿ ïëîñêèå ñâÿçíîñòè. Åñëè ýòà ðàçìåðíîñòü ðàâíà 2,

ðåøåíèÿìè ÿâëÿþòñÿ àíòè-àâòîäóàëüíûå ñâÿçíîñòè, íàçûâàåìûå èíà÷å èíñòàí-

òîíàìè. Òåì ñàìûì, ýðìèòîâû óðàâíåíèÿ ßíãà�Ìèëëñà ìîæíî ðàññìàòðèâàòü

êàê ìíîãîìåðíîå îáîáùåíèå óðàâíåíèé äóàëüíîñòè.

Îñíîâíûì ðåçóëüòàòîì ïåðâîé ÷àñòè äîêëàäà, îòíîñÿùåéñÿ ê ýðìèòîâûì

óðàâíåíèÿì ßíãà�Ìèëëñà, ÿâëÿåòñÿ òåîðåìà Äîíàëüäñîíà î ñóùåñòâîâàíèè è

åäèíñòâåííîñòè ðåøåíèÿ ãðàíè÷íîé çàäà÷è Äèðèõëå äëÿ ýðìèòîâà óðàâíåíèÿ

ßíãà�Ìèëëñà íà êîìïàêòíîì êýëåðîâîì ìíîãîîáðàçèè ñ êðàåì.

Âòîðàÿ ÷àñòü ïîñâÿùåíà äåôîðìèðîâàííîìó ýðìèòîâó óðàâíåíèþ ßíãà�Ìèëëñà.

Ýòî îáîáùåíèå ýðìèòîâà óðàâíåíèÿ ßíãà�Ìèëëñà âîçíèêëî â ðàáîòàõ ßó ñ ñî-

àâòîðàìè. Äåôîðìèðîâàííîå ýðìèòîâî óðàâíåíèå ßíãà�Ìèëëñà ðåäóöèðóåòñÿ

ê ýðìèòîâó óðàâíåíèþ ßíãà�Ìèëëñà â ïðåäåëå áîëüøîãî îáúåìà. Ñóùåñòâî-

âàíèå ðåøåíèÿ äåôîðìèðîâàííîãî ýðìèòîâà óðàâíåíèÿ ßíãà�Ìèëëñà ïðè äî-

ïîëíèòåëüíûõ óñëîâèÿõ òèïà ïîëîæèòåëüíîñòè êðèâèçíû äîêàçûâàåòñÿ ñ ïî-

ìîùüþ ïîòîêà òåïëîïðîâîäíîñòè. Ýòîò ïîòîê ñóùåñòâóåò ïðè âñåõ âðåìåíàõ è

â ïðåäåëå áîëüøîãî îáúåìà ñõîäèòñÿ ê ðåøåíèþ äåôîðìèðîâàííîãî ýðìèòîâà

óðàâíåíèÿ ßíãà�Ìèëëñà.

Evgeny Smirnov

Polytopes, Pukhlikov-Khovanskii rings, and K-theory

In 1992, Khovanskii and Pukhlikov provided a construction that associates a commutative

graded algebra with Poincare duality to a homogeneous polynomial f on a vector

space V. One especially interesting example of this construction is when f is the

volume polynomial on a suitable space of (virtual) polytopes. As particular cases

of this construction, we can obtain the cohomology rings of toric and �ag varieties.

I will present this construction and its recent generalization. I will explain how

to associate an algebra with Gorenstein duality to any function on a lattice. In

the case when this function is the Ehrhart function on a lattice of integer (virtual)

polytopes, this construction recovers K-theory of toric and full �ag varieties.

The talk is based on our work in progress with Leonid Monin.
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Dmitry Stolyarov

Hardy�Littlewood�Sobolev inequality for p=1

I will speak about the limiting case of the Hardy�Littlewood�Sobolev inequality

for p = 1. While the naive extension of HLS to p = 1 fails and the example that

breaks the endpoint inequality is given by approximations of a delta measure, there

are a few options how to obtain a correct inequality in the limit case. One of

them, suggested by the work of Bourgain�Brezis, Van Schaftingen, and others, is to

exclude the delta measures by imposing a linear translation and dilation invariant

constraint on the functions in question. Another, suggested by Maz'ja, is based

on adding certain non-linearity to the inequality. I will survey new results in this

direction.

Ì.Þ. Òÿãëîâ

Ðàñïðåäåëåíèå êîðíåé ìíîãî÷ëåíîâ ñ âïîëíå

íåîòðèöàòåëüíîé ìàòðèöåé Ãóðâèöà

Ìàòðèöà Hn(p) = (a2j−i) ðàçìåðà n × n, ñîñòîÿùàÿ èç êîýôôèöèåíòîâ ìíîãî-

÷ëåíà

p(z) = a0z
n + a1z

n−1 + · · ·+ an, a0 > 0,

íàçûâàåòñÿ êîíå÷íîé ìàòðèöåé Ãóðâèöà. Ñîîòâåòñòâåííî ìàòðèöà H∞(p) =

(a2j−i)i,j∈Z íàçûâàåòñÿ áåñêîíå÷íîé ìàòðèöåé Ãóðâèöà.

Èçâåñòíî, ÷òî [1, 2] èç óñòîé÷èâîñòè ìíîãî÷ëåíà p(z) (âñå êîðíè â îòêðûòîé

ëåâîé ïîëóïëîñêîñòè) ñëåäóåò ïîëíàÿ íåîòðèöàòåëüíîñòü îáåèõ ìàòðèö Hn(p)

è H∞(p). Îäíàêî ïîëíàÿ íåîòðèöàòåëüíîñòü êîíå÷íîé ìàòðèöû Ãóðâèöà Hn(p)

íå âëå÷¼ò óñòîé÷èâîñòü ìíîãî÷ëåíà p(z).

Â ýòîì äîêëàäå, ìû ïîêàæåì, ÷òî ïîëíàÿ íåîòðèöàòåëüíîñòü áåñêîíå÷íîé

ìàòðèöû Ãóðâèöà H∞(p) äîñòàòî÷íà äëÿ êâàçè-óñòîé÷èâîñòè ìíîãîë÷åíà p(z)

(âñå êîðíè â çàìêíóòîé ëåâîé ïîëóïëîñêîñòè), à òàêæå ïîëíîñòüþ îïèøåì ðàñ-

ïîëîæåíèå íóëåé ìíîãî÷ëåíà p(z) â ñëó÷àå, êîãäà åãî êîíå÷íàÿ ìàòðèöà Ãóð-

âèöà Hn(p) âïîëíå íåîòðèöàòåëüíà.

Ñïèñîê ëèòåðàòóðû

[1] B.A. Asner, On the total nonnegativity of the Hurwitz matrix. SIAM J. Appl. Math., 18,

1970, pp. 407�414.

[2] J.H.B. Kemperman, A Hurwitz matrix is totally positive, SIAM J. Math. Anal., 13, 1982,

pp. 331�341.

Ê.Þ. Ôåäîðîâñêèé

L-analytic capacities and Dirichlet problem for elliptic

second order PDE with constant complex coe�cients.
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Â äîêëàäå ïëàíèðóåòñÿ ðàññìîòðåòü äâà ñþæåòà, ñâÿçàííûå ñ îäíîðîäíûìè ýë-

ëèïòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ïîñòîÿííûìè êîìïëåêñíû-

ìè êîýôôèöèåíòàìè: çàäà÷ó î ñâîéñòâàõ åìêîñòåé, ñâÿçàííûõ ñ òàêèìè óðàâ-

íåíèÿìè, è çàäà÷ó Äèðèõëå íå ñèëüíî ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïî-

ðÿäêà ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöèåíòàìè íà ïëîñêîñòè. Â ïåðâîé

÷àñòè ðå÷ü ïîéäåò î ñâîéñòâàõ BL- è CL-åìêîñòåé, ñâÿçàííûõ ñ îäíîðîäíûìè

ýëëèïòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè Lf = 0 âòîðîãî ïîðÿäêà

ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöèåíòàìè â åâêëèäîâûõ ïðîñòðàíñòâàõ

ðàçìåðíîñòè 3 è âûøå è îïðåäåëÿåìûõ êëàññàìè îãðàíè÷åííûõ è íåïðåðûâíûõ

ðåøåíèé òàêèõ óðàâíåíèé, ñîîòâåòñòâåííî. Âàæíóþ ðîëü ïðè èçó÷åíèè ýòèõ

åìêîñòåé èãðàþò èõ �ïîëîæèòåëüíûå� àíàëîãè, êîòîðûå îïðåäåëÿþòñÿ ïðè ïî-

ìîùè ïîòåíöèàëîâ ïîëîæèòåëüíûõ áîðåëåâñêèõ ìåð. Ïëàíèðóåòñÿ ïðåäñòàâèòü

è îáñóäèòü ðåçóëüòàò î òîì, ÷òî äëÿ âñåõ ýëëèïòè÷åñêèõ îïåðàòîðîâ ðàññìàòðè-

âàåìîãî âèäà ñîîòâåòñòâóþùèå �ïîëîæèòåëüíûå� åìêîñòè ñîèçìåðèìû (ñ òî÷-

íîñòüþ äî ìóëüòèïëèêàòèâíîé ïîñòîÿííîé, çàâèñÿùåé òîëüêî îò ðàññìàòðèâà-

åìîãî îïåðàòîðà) ñ êëàññè÷åñêîé ãàðìîíè÷åñêîé åìêîñòüþ òåîðèè ïîòåíöèàëà.

Âî âòîðîé ÷àñòè äîêëàäà ðå÷ü ïîéäåò î çàäà÷å Äèðèõëå äëÿ ðåøåíèé îäíî-

ðîäíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîìïëåêñ-

íûìè êîýôôèöèåíòàìè â îáëàñòÿõ â êîìïëåêñíîé ïëîñêîñòè. Áóäåò ïîêàçàíî,

÷òî ëþáàÿ æîðäàíîâà îáëàñòü ñ ãðàíèöåé êëàññà C1+a ïðè 0 < a < 1 íå ÿâëÿ-

åòñÿ ðåãóëÿðíîé îòíîñèòåëüíî çàäà÷è Äèðèõëå äëÿ ëþáîãî íå ñèëüíî ýëëèïòè-

÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöè-

åíòàìè. Òàê êàê ñóùåñòâóþò îáëàñòè ñ Ëèïøèöåâûìè ãðàíèöàìè, ðåãóëÿðíûå

îòíîñèòåëüíî çàäà÷è Äèðèõëå äëÿ áèàíàëèòè÷åñêèõ ôóíêöèé, òî óêàçàííûé

ðåçóëüòàò áëèçîê ê òî÷íîìó.

Ïåðâàÿ ÷àñòü äîêëàäà îñíîâàíà íà ñîâìåñòíîé ðàáîòå àâòîðà è Ï.Â. Ïàðàìî-

íîâà, à âòîðàÿ � íà ñîâìåñòíîé ðàáîòå àâòîðà, Ì.ß. Ìàçàëîâà è À.Î. Áàãàïøà.

À.À. Õàðòîâ

Ðàöèîíàëüíî áåçãðàíè÷íî äåëèìûå ôóíêöèè

ðàñïðåäåëåíèÿ

Íîâûé êëàññ òàê íàçûâàåìûõ ðàöèîíàëüíî áåçãðàíè÷íî äåëèìûõ ôóíêöèé ðàñ-

ïðåäåëåíèÿ (ô.ð.) ÿâëÿåòñÿ åñòåñòâåííûì è î÷åíü çíà÷èòåëüíûì ðàñøèðåíèåì

õîðîøî èçó÷åííîãî êëàññà áåçãðàíè÷íî äåëèìûõ ô.ð. Ñîãëàñíî îïðåäåëåíèþ

ô.ð. íà âåùåñòâåííîé ïðÿìîé íàçûâàåòñÿ ðàöèîíàëüíî áåçãðàíè÷íî äåëèìîé,

åñëè åå ñâåðòêà ñ áåçãðàíè÷íî äåëèìîé ô.ð. áåçãðàíè÷íî äåëèìà. Íåñëîæíî

ïîêàçàòü, ÷òî â òàêîì ñëó÷àå åå õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (ïðåîáðàçîâà-

íèå Ôóðüå�Ñòèëòüåñà) äîïóñêàåò (êàê è äëÿ áåçãðàíè÷íî äåëèìûõ ô.ð.) ïðåä-

ñòàâëåíèå Ëåâè�Õèí÷èíà ñ íåêîòîðûì âåùåñòâåííûì ïàðàìåòðîì ñäâèãà è ñ

íåêîòîðîé íåîáÿçàòåëüíî ìîíîòîííîé ñïåêòðàëüíîé ôóíêöèåé, èìåþùåé îãðà-

íè÷åííóþ âàðèàöèþ íà âñåé âåùåñòâåííîé ïðÿìîé. Ïðèìåðû ô.ð. ñ òàêèìè

õàðàêòåðèñòè÷åñêèìè ôóíêöèÿìè âñòðå÷àëèñü â õîðîøî èçâåñòíûõ êëàññè÷å-

ñêèõ ìîíîãðàôèÿõ Ãíåäåíêî è Êîëìîãîðîâà, Ëèííèêà è Îñòðîâñêîãî. Îäíàêî,
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îïðåäåëåíèå è ñîîòâåòñòâóþùèé êëàññ áûëè ââåäåíû òîëüêî â 2011 ã. â îä-

íîé ðàáîòå Ëèíäíåðà è Ñàòî â ðàìêàõ íåêîòîðûõ çàäà÷ òåîðèè ñëó÷àéíûõ

ïðîöåññîâ. Íåäàâíî â ñòàòüå Ëèíäíåðà, Ïýíà è Ñàòî (Trans. Amer. Math. Soc.,

370, 2018) áûë ñäåëàí ïåðâûé áîëüøîé àíàëèç êëàññà ðàöèîíàëüíî áåçãðàíè÷íî

äåëèìûõ ô.ð. íà îñíîâå ïðåäñòàâëåíèé Ëåâè�Õèí÷èíà. Ñåé÷àñ äàííûé êëàññ

àêòèâíî èçó÷àåòñÿ è íàõîäèò ñâîè ïðèëîæåíèÿ â äðóãèõ îáëàñòÿõ. Â äîêëàäå

áóäåò ñäåëàí îáçîð îñíîâíûõ îïðåäåëåíèé è ôàêòîâ ñâÿçàííûõ ñ ýòèì êëàññîì,

à òàêæå ïðåäñòàâëåíû íåêîòîðûå íîâûå ðåçóëüòàòû î íåì.

H�akan Hedenmalm

Asymptotics of weighted Carleman polynomials

George B. Shabat

On random triangulations and quadrangulations of surfaces

The statistics of random triangulations and quadrangulations of surfaces has been

studied in the recent decades from various points of view. The present talk will

be devoted to the complex structures de�ned by the euclidean metrics on the

polygons. The old theorem of the speaker and Vladimir Voevodsky will be repro-

duced, according to which the equilateral structure on the triangles correspond to

all the curves over number �elds; the similar theorem concerning the right squares

will be presented. The action of the absolute Galois group on the triangulations

and quadrangulations of surfaces will be de�ned and the problems concerning the

statistics of orbits formulated.


