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Physical processes

Cluster grown from a copper sulfate solution in an
electrodeposition cell, by Kevin R Johnson
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Manganese oxide dendrites on a limestone bedding plane
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Hele-Shaw cell, by Y. Petrova, St. Petersburg State University
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Mold growth - gift by Sir Alexander Fleming to Edinburgh
University Library, Scotland
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Two models

Diffusion Limited Aggregation
(DLA) was introduced by
T.A. Witten and L.M. Sander
in 1981 to model a number of
physical phenomena.

Dielectric Breakdown Model
(DBM) is a one parameter
generalization, introduced by
L. Niemeyer, L. Pietronero,
and H. J. Wiesmann in 1984

DLA

Diffusion Limited Aggregation

(T.A. Witten, L.M. Sander 1981)

Start with one particle on a lattice.
Send particles from far away by
Random Walk, until they attach to
the cluster.

Equivalently, given a cluster 𝐴𝐴 𝑇𝑇 at
time 𝑇𝑇 (that is, of 𝑇𝑇 particles),
probability ℙ𝒋𝒋 to attach an (𝑛𝑛 + 1)-st
particle at a site 𝒋𝒋 is given by its
harmonic measure 𝝎𝝎𝒋𝒋 ≔ 𝝎𝝎 𝒋𝒋, ℂ\𝑨𝑨𝑻𝑻
Can be done in continuous setting
(with particles of fixed size 1 moving
by Brownian Motion)
Today we discuss only dimension 2

Harmonic measure

on a complement of a compact connected set

Outside Ω = ℂ� ∖ 𝐴𝐴 of a cluster 𝐴𝐴 , viewed from 𝑧𝑧0
(we take z0 = ∞)
• Brownian motion
𝐴𝐴
𝑧𝑧0
hitting probability
• conformal map
𝜑𝜑: 𝔻𝔻− → Ω
image of the length
∞ ↦ 𝑧𝑧0
• potential theory
equilibrium measure, 𝜔𝜔∞ minimizes ∬ −log|𝑢𝑢 −
∞

𝝎𝝎: fjords and spikes

Scaling of 𝜔𝜔 near corners:
≈ 𝑧𝑧 𝛼𝛼
𝜶𝜶
𝝎𝝎𝑩𝑩𝒓𝒓 ≈ 𝒓𝒓/𝑹𝑹
for an 𝑟𝑟-ball in a set of radius 𝑅𝑅. 𝜋𝜋/𝛼𝛼
𝒓𝒓𝜶𝜶
𝒓𝒓
𝟏𝟏
Clearly ≤ 𝜶𝜶 ≤ ∞
𝟐𝟐
Beurling’s estimate: for any ball
𝜔𝜔 𝐵𝐵𝑟𝑟 ≲ 𝑟𝑟/𝑅𝑅
Hence, for an individual site 𝑗𝑗,
𝝎𝝎𝒋𝒋 ≲ 𝟏𝟏/ 𝑹𝑹
Makarov’s theorem:
Harmonic measure has Borel
support of dimension 1. In discrete
Courtesy of D. Marshall
setting (cf Lawler) most of 𝝎𝝎 lives
on sites with 𝝎𝝎𝒋𝒋 ≍ 𝟏𝟏/𝑹𝑹

Diffusion Limited Aggregation
Continuous, 6’000’000 particles

Square
lattice

DLA simulations by Dmitry Beliaev, Oxford University and
Denis Grebenkov, CNRS, Ecole Polytechnique

DBM: definition

(L. Niemeyer, L. Pietronero, H. J. Wiesmann, 1984)

On a lattice, set probability to attach a
particle proportional a power 𝜂𝜂 of
harmonic measure (or Green’s function):
𝜼𝜼

𝜼𝜼

ℙ𝒋𝒋 = 𝝎𝝎𝒋𝒋 /∑𝝎𝝎𝒋𝒋 (for DLA ℙ𝑗𝑗 =

𝜔𝜔𝑗𝑗 /∑𝜔𝜔𝑗𝑗 )

𝜂𝜂 = 0.5

Bigger powers favor «spikes» and so
clusters seem to have longer «arms»
Note that 𝜂𝜂 = 1 corresponds to DLA,
while 𝜂𝜂 = 0 means that particles attach
uniformly wherever possible (M. Eden
model of bacterial growth)
In continuous setting some smoothing is
needed (e.g. evaluate Green’s function

𝜂𝜂 = 1

𝜂𝜂 = 2

A variation: Hastings-Levitov

1998

Add particles by composing
conformal maps with random
“bumps”
Difficulty: size of the (𝑇𝑇 + 1)-st
bump depends on 𝐴𝐴 𝑇𝑇 harmonic
measure where it is placed.
New parameter: size of bumps

𝚽𝚽𝟏𝟏 ∘ 𝚽𝚽𝟐𝟐 ∘ 𝚽𝚽𝟑𝟑 ∘ ⋯

𝚽𝚽𝐣𝐣

𝜹𝜹

Note for future use:
We can write Φj explicitly and for a bump of size 𝜹𝜹 we
have 𝚽𝚽𝒋𝒋′ ∞ ≈ 𝟏𝟏 − 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 𝜹𝜹𝟐𝟐 . Hence, adding a bump of
harmonic measure 𝝎𝝎 increases capacity (log of radius)
𝐂𝐂𝐂𝐂𝐂𝐂 𝑨𝑨 ≈ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 ≈ −𝐥𝐥𝐥𝐥𝐥𝐥 𝚽𝚽′(∞) by ≈ 𝝎𝝎𝟐𝟐

Questions
Denote by 𝑅𝑅 = 𝑅𝑅(𝑇𝑇) the radius of the aggregate of 𝑇𝑇
particles. We define the lower/upper growth rates:
𝛽𝛽∗ ≔ liminf
𝑇𝑇→∞

log 𝑅𝑅(𝑇𝑇)
log 𝑇𝑇

Clearly 𝑅𝑅 ≲ 𝑇𝑇 ≲

𝑅𝑅2

,

so

∗

𝛽𝛽 ≔ limsup
1
2

𝑇𝑇→∞

log 𝑅𝑅(𝑇𝑇)
log 𝑇𝑇

≤ 𝛽𝛽∗ ≤ 𝛽𝛽 ∗ ≤ 1

It is widely believed that DLA is an “honest” fractal,
with 𝛽𝛽∗ = 𝛽𝛽∗ , and 𝑹𝑹 ≍ 𝑻𝑻𝜷𝜷 , while 𝝆𝝆 ≔ 𝟏𝟏/𝜷𝜷 plays
the role of the dimension: 𝑻𝑻 ≈ 𝑹𝑹𝝆𝝆 , 1 ≤ 𝜌𝜌 ≤ 2.
• What is the value of 𝝆𝝆 for DLA and 𝜼𝜼-DBM?
• Is it strictly between 1 and 2 ?

• Is DLA or 𝜼𝜼-DBM a self-similar fractal ?

Kesten’s estimate 𝝆𝝆 ≥ 𝟑𝟑/𝟐𝟐

For the radius 𝑅𝑅 𝑇𝑇 of a
𝑇𝑇-particle cluster to increase,
we need to attach a particle at
furthermost point, say 𝑘𝑘

𝑹𝑹 𝑻𝑻

𝑘𝑘

Estimate probability to land at 𝑘𝑘
ℙ𝒌𝒌 = 𝝎𝝎𝒌𝒌 ≤ 𝐬𝐬𝐬𝐬𝐩𝐩𝒋𝒋 𝝎𝝎𝒋𝒋

By Beurling 𝝎𝝎𝒋𝒋 ≲ 𝟏𝟏/ 𝑹𝑹, so
𝐬𝐬𝐬𝐬𝐩𝐩𝒋𝒋 𝝎𝝎𝒋𝒋
Hence

=: 𝑹𝑹−𝝈𝝈 ,

with 𝝈𝝈 ≥

𝔼𝔼 𝝏𝝏𝑻𝑻 𝑹𝑹 𝑻𝑻 ≲ 𝑹𝑹 𝑻𝑻

−𝝈𝝈

𝟏𝟏
.
𝟐𝟐

(♡)

𝑹𝑹 ≈ 𝑻𝑻𝜷𝜷 , 𝟏𝟏⁄𝟐𝟐 ≤ 𝜷𝜷 ≤ 𝟏𝟏
𝑻𝑻 ≈ 𝑹𝑹𝝆𝝆 , 𝟏𝟏 ≤ 𝝆𝝆 ≤ 𝟐𝟐

Kesten’s estimate 𝝆𝝆 ≥ 𝟑𝟑/𝟐𝟐

We arrived at 𝔼𝔼 𝝏𝝏𝑻𝑻 𝑹𝑹 𝑻𝑻 ≲ 𝑹𝑹 𝑻𝑻

−𝝈𝝈

, 𝝈𝝈 ≥

𝟏𝟏
𝟐𝟐

(♡)

Informally: assume 𝑅𝑅(𝑇𝑇) ≍ 𝑇𝑇𝛽𝛽 , then (♡) translates
into 𝑇𝑇𝛽𝛽−1 ≍ 𝜕𝜕𝑇𝑇 𝑇𝑇𝛽𝛽 ≲ 𝑇𝑇 −𝛽𝛽𝜎𝜎 , so 𝛽𝛽 − 1 ≤ −𝛽𝛽𝛽𝛽 and
𝟏𝟏
𝟐𝟐
≤
∎
𝜷𝜷 ≤
𝟏𝟏 + 𝝈𝝈 𝟑𝟑
Rigorously: integrate (♡) to deduce 𝛽𝛽 ∗ ≤ 2/3
Potentially, there are several furthermost points. This
is overcome by summing over all possible ways to
reach a given radius (count self-avoiding walks!)

For dimension 𝛽𝛽

−1

= 𝝆𝝆 ≥ 𝟏𝟏 + 𝝈𝝈 (♠), so 𝜌𝜌 ≥

Note: 𝝆𝝆 is “dimension at scale 1”

3
2

Multifractality of 𝝎𝝎

Many important properties of 𝝎𝝎
can be written in terms of
multifractal spectrum. Let
𝓕𝓕𝜶𝜶 ≔ {𝒛𝒛: 𝝎𝝎𝝎𝝎 𝒛𝒛, 𝒓𝒓 ≈ 𝒓𝒓𝜶𝜶 }
To be precise, one has to take
lower/upper limits while 𝑟𝑟 → 0.
Def multifractal spectrum is
𝒇𝒇 𝜶𝜶 ≔ 𝐇𝐇𝐇𝐇𝐇𝐇𝐇𝐇(𝓕𝓕𝜶𝜶 )
Important conjecture
by BrennanCarleson-JonesKrätzer-Makarov
states that
𝐬𝐬𝐬𝐬𝐬𝐬 𝒇𝒇 𝜶𝜶 = 𝟐𝟐 − 𝟏𝟏/𝜶𝜶
𝑨𝑨

𝜔𝜔𝐵𝐵𝑟𝑟 ≈ 𝑟𝑟 𝛼𝛼
𝜋𝜋/𝛼𝛼

≈ 𝑧𝑧 𝛼𝛼

f(α)

α

Courtesy of D. Marshall

Multifractality of 𝝎𝝎

A different spectrum is given (at scale 𝑟𝑟 = 1 ) by
𝒑𝒑
𝝉𝝉 𝒑𝒑 ≔ − 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 𝒁𝒁 𝒑𝒑 , 𝒁𝒁 𝒑𝒑 ≔ ∑𝒋𝒋 𝝎𝝎𝒋𝒋
Note: related to pressure by 𝜏𝜏 𝑝𝑝 ≔ −𝜋𝜋 −1 𝑡𝑡 ,
related to 𝑓𝑓 𝛼𝛼 by Legendre transform.
Properties:
• Concave

𝝉𝝉 𝒑𝒑

𝟎𝟎
−𝟏𝟏

𝟏𝟏

𝒑𝒑

Multifractality of 𝝎𝝎

A different spectrum is given (at scale 𝑟𝑟 = 1 ) by
𝒑𝒑
𝝉𝝉 𝒑𝒑 ≔ − 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 𝒁𝒁 𝒑𝒑 , 𝒁𝒁 𝒑𝒑 ≔ ∑𝒋𝒋 𝝎𝝎𝒋𝒋
Note: related to pressure by 𝜏𝜏 𝑝𝑝 ≔ −𝜋𝜋 −1 𝑡𝑡 ,
related to 𝑓𝑓 𝛼𝛼 by Legendre transform.
Properties:
𝝉𝝉 𝒑𝒑
• Concave
• Asymptotically 𝝈𝝈𝝈𝝈 − 𝒄𝒄 with
𝐬𝐬𝐬𝐬𝐬𝐬 𝝎𝝎𝒋𝒋 = 𝑹𝑹−𝝈𝝈 , 𝑐𝑐 ∈ [0,1] 𝟎𝟎
𝟏𝟏
• Makarov:
𝝉𝝉 𝟏𝟏 = 𝟎𝟎, 𝝉𝝉′ 𝟏𝟏 = 𝟏𝟏
𝝉𝝉 𝒑𝒑 ≤ 𝒑𝒑 − 𝟏𝟏

−𝟏𝟏

𝒑𝒑 − 𝟏𝟏

𝝈𝝈𝝈𝝈 − 𝒄𝒄
𝒑𝒑

𝜼𝜼-DBM estimate 𝝆𝝆 ≥ 𝟐𝟐 − 𝜼𝜼/𝟐𝟐

THM [Losev-S] For Dielectric Breakdown Model
with parameter 𝟎𝟎 ≤ 𝜼𝜼 ≤ 𝟐𝟐, dimension satisfies
𝝆𝝆𝑫𝑫𝑫𝑫𝑫𝑫 ≥ 𝟐𝟐 − 𝜼𝜼/𝟐𝟐

Proof. Assume for simplicity

𝑝𝑝
𝑅𝑅 ≍ 𝑇𝑇𝛽𝛽 and ∑𝑗𝑗 𝜔𝜔𝑗𝑗 ≍ 𝑅𝑅−𝜏𝜏

𝜂𝜂
𝜂𝜂
𝜔𝜔𝑘𝑘 / ∑𝑗𝑗 𝜔𝜔𝑗𝑗 ,

Probability is now given by ℙ𝑘𝑘 =
with the usual supj 𝜔𝜔𝑗𝑗 = 𝑅𝑅 −𝜎𝜎 we write
𝔼𝔼 𝝏𝝏𝑻𝑻 𝑹𝑹 𝑻𝑻 ≲ 𝐬𝐬𝐬𝐬𝐬𝐬 ℙ𝒌𝒌
𝜼𝜼
≲ 𝐬𝐬𝐬𝐬𝐬𝐬 𝝎𝝎𝒌𝒌 /𝑹𝑹−𝝉𝝉

𝑝𝑝

𝜼𝜼

≍ 𝑹𝑹𝝉𝝉

𝜼𝜼 −𝝈𝝈𝝈𝝈

This translates into 𝑅𝑅1−𝜌𝜌 = 𝑇𝑇𝛽𝛽−1 ≲ 𝑅𝑅

so

𝜏𝜏 𝜂𝜂 −𝜎𝜎𝜎𝜎

.

𝜼𝜼-DBM estimate 𝝆𝝆 ≥ 𝟐𝟐 − 𝜼𝜼/𝟐𝟐

We arrived at 𝑅𝑅1−𝜌𝜌 ≲ 𝑅𝑅𝜏𝜏 𝜂𝜂 −𝜎𝜎𝜎𝜎 , so
𝜷𝜷 ≤ 𝟏𝟏⁄ 𝟏𝟏 − 𝝉𝝉(𝜼𝜼) + 𝝈𝝈𝝈𝝈

and

𝝆𝝆 ≥ 𝟏𝟏 − 𝝉𝝉(𝜼𝜼) + 𝝈𝝈𝝈𝝈 ♣

= 1 + 𝜎𝜎 for 𝜂𝜂 = 1

Recall, that by Makarov’s theorem (cf Lawler) there are ≍
𝑅𝑅 indices with 𝜔𝜔𝑗𝑗 ≍ 𝑅𝑅−1 so
𝜂𝜂
∑𝑗𝑗 𝜔𝜔𝑗𝑗

≳ 𝑅𝑅1−𝜂𝜂 and 𝜏𝜏 𝜂𝜂 ≤ 𝜂𝜂 − 1

Together with Beurling’s 𝜎𝜎 ≥

1
2

this implies
𝜼𝜼
𝟐𝟐

𝜼𝜼
𝟐𝟐

𝝆𝝆 ≥ 𝟏𝟏 − 𝝉𝝉 𝜼𝜼 + 𝝈𝝈𝝈𝝈 ≥ 𝟏𝟏 − 𝜼𝜼 + 𝟏𝟏 + = 𝟐𝟐 −
Note: The estimates gives trivial 𝝆𝝆 ≥ 𝟏𝟏 for 𝜼𝜼 = 𝟐𝟐,
and 𝝆𝝆 = 𝟐𝟐 for the Eden model 𝜼𝜼 = 𝟎𝟎.
It is expected that 𝝆𝝆 > 𝟏𝟏 at least for 𝜼𝜼 < 𝟒𝟒

∎

Kesten’s estimate revisited
cf Halsey and Lawler

Recall that capacity of a cluster is 𝐂𝐂𝐂𝐂𝐂𝐂(𝑨𝑨) ≍ 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹
and its increment when a particle lands at a site 𝑘𝑘,
satisfies
𝐂𝐂𝐂𝐂𝐂𝐂 𝑨𝑨𝑻𝑻+𝟏𝟏 − 𝐂𝐂𝐂𝐂𝐂𝐂 𝑨𝑨𝑻𝑻 ≍ 𝝎𝝎𝟐𝟐𝒌𝒌

While locally increments of 𝐂𝐂𝐂𝐂𝐂𝐂(𝑨𝑨) and 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 are
different, their averages over time are comparable.
Probability to add particle at this site is 𝝎𝝎𝒌𝒌 , so
𝔼𝔼 ∫𝑻𝑻 𝝏𝝏𝑻𝑻 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 𝑻𝑻 ≍ ∫𝑻𝑻 ∑𝒌𝒌 𝝎𝝎𝟑𝟑𝒌𝒌 = ∫𝑻𝑻 𝒁𝒁(𝟑𝟑) (♢)

Assuming 𝔼𝔼 𝑹𝑹 𝑻𝑻 ≍ 𝑻𝑻𝟏𝟏/𝝆𝝆 , and 𝔼𝔼 𝒁𝒁(𝟑𝟑) ≍ 𝑹𝑹−𝝉𝝉(𝟑𝟑) we
conclude (drop time integral)
𝑹𝑹−𝝆𝝆 ≍ 𝑻𝑻−𝟏𝟏 ≍ 𝝏𝝏𝑻𝑻 𝐥𝐥𝐥𝐥𝐥𝐥 𝑻𝑻𝟏𝟏/𝝆𝝆 ≍ 𝒁𝒁 𝟑𝟑 ≍ 𝑹𝑹−𝝉𝝉 𝟑𝟑
Hence 𝝆𝝆 = 𝝉𝝉(𝟑𝟑) (observed by Halsey)

Kesten’s estimate revisited
Recall 𝜎𝜎 is chosen so that
𝐬𝐬𝐬𝐬𝐬𝐬𝒋𝒋 𝝎𝝎𝒋𝒋 = 𝑹𝑹−𝝈𝝈

Instead of Beurling's 𝝈𝝈 ≥ 𝟏𝟏/𝟐𝟐, use 𝝈𝝈 ≥ 𝝉𝝉 𝒂𝒂 /𝒂𝒂,
which follows easily from R−𝑎𝑎𝜎𝜎 ≤ ∑𝑗𝑗 𝜔𝜔𝑗𝑗𝑎𝑎 ≍ 𝑅𝑅 −𝜏𝜏 𝑎𝑎
Note: In fact, 𝜎𝜎 = 𝑙𝑙𝑙𝑙𝑙𝑙 𝜏𝜏(𝑎𝑎)/𝑎𝑎 from concavity
𝑎𝑎→∞

Start with Kesten’s 𝝆𝝆 ≥ 𝟏𝟏 + 𝝈𝝈 ♠ and write
𝝆𝝆 ≥ 𝟏𝟏 + 𝝈𝝈 ≥ 𝟏𝟏 + 𝝉𝝉 𝟑𝟑 /𝟑𝟑 = 𝟏𝟏 + 𝝆𝝆/𝟑𝟑
Hence 𝜌𝜌 1 − 1/3 ≥ 1 and 𝜌𝜌 ≥ 3/2
∎
Note: We do not use Beurling

Note: In principle, Beurling can be deduced

2nd proof of DBM estimate
Recall that probability to attach a particle at site
𝜼𝜼
𝜼𝜼
∑
𝒌𝒌 is given by ℙ𝒌𝒌 = 𝝎𝝎𝒌𝒌 � 𝒋𝒋 𝝎𝝎𝒋𝒋
As before, write

𝔼𝔼 𝝏𝝏𝑻𝑻 𝐥𝐥𝐥𝐥𝐥𝐥 𝑹𝑹 𝑻𝑻 ≍ � 𝝎𝝎𝟐𝟐𝒌𝒌 ℙ𝒌𝒌
=

𝒌𝒌

𝜼𝜼
𝜼𝜼
� 𝝎𝝎𝟐𝟐𝒌𝒌 𝝎𝝎𝒌𝒌 �� 𝝎𝝎𝒋𝒋
𝒌𝒌
𝒋𝒋

Assuming

𝒁𝒁 𝟐𝟐 + 𝜼𝜼
=
𝒁𝒁 𝜼𝜼

𝔼𝔼 𝑹𝑹 𝑻𝑻 ≍ 𝑻𝑻𝟏𝟏/𝝆𝝆 and 𝔼𝔼 𝒁𝒁(𝒑𝒑) ≍ 𝑹𝑹−𝝉𝝉(𝒑𝒑)

we rewrite ♢ as
𝑹𝑹−𝝆𝝆 ≍ 𝑻𝑻−𝟏𝟏 ≍ 𝝏𝝏𝑻𝑻 𝐥𝐥𝐥𝐥𝐥𝐥 𝑻𝑻𝟏𝟏/𝝆𝝆 ≍ 𝑹𝑹𝝉𝝉(𝜼𝜼)−𝝉𝝉

♢

𝟐𝟐+𝜼𝜼

2nd proof of DBM estimate
We arrived at 𝑹𝑹−𝝆𝝆 ≍ 𝑹𝑹𝝉𝝉(𝜼𝜼)−𝝉𝝉
Hence 𝝆𝝆 = 𝝉𝝉 𝟐𝟐 + 𝜼𝜼 − 𝝉𝝉(𝜼𝜼)

𝟐𝟐+𝜼𝜼

Recalling (♣): 𝝆𝝆 ≥ 𝟏𝟏 − 𝝉𝝉 𝜼𝜼 + 𝝈𝝈𝝈𝝈
Using 𝜎𝜎 ≥

𝜏𝜏 𝑝𝑝
𝑝𝑝

, we connect two expressions for 𝝆𝝆:

𝝉𝝉 𝟐𝟐 + 𝜼𝜼 − 𝝉𝝉 𝜼𝜼 = 𝝆𝝆 ≥ 𝟏𝟏 − 𝝉𝝉 𝜼𝜼 + 𝝈𝝈𝝈𝝈
𝝉𝝉 𝟐𝟐 + 𝜼𝜼
𝜼𝜼
≥ 𝟏𝟏 − 𝝉𝝉 𝜼𝜼 +
𝟐𝟐 + 𝜼𝜼
Hence 𝝉𝝉 𝟐𝟐 + 𝜼𝜼 ≥
Combine to

𝟐𝟐+𝜼𝜼
𝟐𝟐

and by Makarov 𝝉𝝉 𝜼𝜼 ≤ 𝜼𝜼 − 𝟏𝟏

𝝆𝝆 = 𝝉𝝉 𝟐𝟐 + 𝜼𝜼 − 𝝉𝝉 𝜼𝜼 ≥

𝟐𝟐+𝜼𝜼
𝟐𝟐

− 𝜼𝜼 − 𝟏𝟏 = 𝟐𝟐 −

𝜼𝜼
𝟐𝟐

∎

What’s next?
Can 𝝆𝝆 < 𝟐𝟐 or 𝝆𝝆 > 𝟑𝟑/𝟐𝟐 be shown?

Positive: in our proof, Beurling’s estimate follows from
model mechanics
In fact, we immediately get additional information:
𝒑𝒑
e.g. if 𝝆𝝆 = 𝟑𝟑/𝟐𝟐, then 𝝉𝝉 𝒑𝒑 = , 𝒑𝒑 ≥ 𝟑𝟑
𝟐𝟐

The main difficulty: DLA can branch and coalesce, so
when a particle land at site 𝒌𝒌 , hard to control 𝝎𝝎𝒌𝒌 , as
we can get more
or fewer new
𝒌𝒌𝒌𝒌
∎
approaches:
𝒌𝒌𝒌
𝒌𝒌 ∎

Happy
and virus-free
2021!

