Sharp inequalities on BMO-space and Bellman function

Vasily Vasyunin
St. Petersburg department of the Steklov Mathematical Institute

April 8, 2021

Colloquium
Departement of Mathematics and Computer Science

St.-Petersburg State University

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 1/29



is the average of ¢ over /.

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 2/29



1
W = [ e
I
is the average of ¢ over /.
Definition: ¢ € BMO(J) means
sup — /\gp t) — 2dt < oo,
1c |1

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 2/29



1
W = [ e
!

is the average of ¢ over /.
Definition: ¢ € BMO(J) means

sup — /\gp t) — 2dt < oo,

1c |1

2 2

dt
1R 0 = 0B / o(t) - o),

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 2/29



1
W = [ e
!

is the average of ¢ over /.
Definition: ¢ € BMO(J) means

sup — /\gp t) — 2dt < oo,

1c |1

2 2

dt
1R 0 = 0B / o(t) - o),

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 2/29



is the average of ¢ over /.

Definition: ¢ € BMO(J) means

sup — /\gp t) — 2dt < oo,
1ca |1
2 2
dt
1012 00 = |”/w o
2
= sup - )
IU(@>,<@J

BMO, % {» € BMO: ||¢| < ¢}

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 2/29



Extremal problems and their Bellman functions

Extremal problem.

For a given real-valued function f on R, maximize (or minimize) the value
of the following integral functional

(fle)),
over the ball BMO..
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For a given real-valued function f on R, maximize (or minimize) the value
of the following integral functional

(fle)),
over the ball BMO..

Definition of the corresponding Bellman function.
def
B(x1, x2;¢) = sup { (f o), }.
@

Supremum is taken over the set of all functions ¢ such that

<()0>J = X1, <<102>J = X2, el <e.
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Properties of the Bellman function

© The Bellman function does not depend of the interval J, where test
functions ¢ are defined.
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Properties of the Bellman function

© The Bellman function does not depend of the interval J, where test
functions ¢ are defined.

@ Domain of B:
Q. = {x=(x1,x): X} <x < xZ+e2}.

© Boundary values:
B(x1, x?) = f(x1).
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Various choices of f

@ Integral form of the John—Nirenberg inequality:

f(s)=¢e°, B(x;e) = sgp{(e‘”h}.
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Various choices of f

@ Integral form of the John—Nirenberg inequality:

f(s)=¢e°, B(x;e) = sm:)p{(e‘P)J}.

o Classical weak form of the John—Nirenberg inequality:

f(s) = X(foo,f)\)u()\,oo)(s)a
B(x:2, )) = sip{ﬁl {te J: ool = )}

@ [P-estimates, in particular, equivalence of different BMO-norms:

f(s)=1sl’,  B(x;pe) =sip{<|90!”>J}-
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Concavity has to be degenerate along some direction.
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Concavity has to be degenerate along some direction.
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The Hessian matrix ‘27'23 has to be degenerate.

Monge—Ampeére equation
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o 2°B 5°B
d B . 8)(12 Ox10x2 < O
dx2 5’B 8B =
8X18X2 8X22

Concavity has to be degenerate along some direction.
The Hessian matrlx B has to be degenerate.
Monge—Ampeére equation

9’B 0°B ( 9°B )2

Ox? . Ox3 ~ \ 9x10%

The Bellman function is a solution of the boundary value problems for this
equation:

B(xi, x12) =f(x1).
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Properties of the solutions

Properties of the solutions of the Monge—Ampeére equation
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@ Integral curves of the vector field generated by the kernel vectors of
the Hessian matrix are segments of straight lines.
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Properties of the solutions

Properties of the solutions of the Monge—Ampeére equation

@ Integral curves of the vector field generated by the kernel vectors of
the Hessian matrix are segments of straight lines.

@ Solutions are linear along these extremal lines.

@ All partial derivatives of the solution are constant on any extremal
line.

Properties of the Monge—Ampere foliation
o If two extremal lines intersect at a point, then B is linear

e If an extremal line intersects the upper boundary {x: xo = x? + £2},
then it touches it tangentially.
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The left tangent foliation
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The left tangent foliation

X2 :X12

xp=2axy +e2— a2
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The right tangent foliation

x2:2a)<1—|-f;‘2—a2
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An examples for the left foliation

The function f(s) = e® produces the left foliation.
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An examples for the left foliation

The function f(s) = e® produces the left foliation.

The corresponding Bellman function is

1—4/e2 —xo+ x?
B(x) = 1 exp{xl—l—\/az—xz—i—xf—a}.
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An examples for the left foliation

The function f(s) = e® produces the left foliation.

The corresponding Bellman function is

1—4/e2 —xo+ x?
B(x) = 1 exp{x1+\/€2—x2—|—x12—6}.
—€

It gives the sharp constants in the integral form of the John—Nirenberg
inequality:

If ||| <1, then

o If

%)
< e
ST 1 |f]

(")

The constants are sharp.
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An examples for the right foliation

The function f(s) = —e® produces the right foliation.
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This is equivalent to consideration of the same function f(s) = e°, but
looking for the infimum, rather than supremum.
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The corresponding Bellman function is
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Any smooth function f with f” > 0 produces the left foliation.
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An examples for the right foliation

The function f(s) = —e® produces the right foliation.

This is equivalent to consideration of the same function f(s) = e°, but
looking for the infimum, rather than supremum.

The corresponding Bellman function is

1+4/62 — xo + X2
B(x) = eXp{Xl—\/€2—X2+X]?+€}.

l+e

Any smooth function f with f” > 0 produces the left foliation.
Any smooth function f with 7 < 0 produces the right foliation.
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X2 :x12 +82

X2 :x12

X1=C
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X2 :x12 +82

X2 :x12

111
""" (x1)>0 x—c
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An example

Figure: A cup gluing left and right tangent foliations.
Example: f(s)=[s]P,1<p<2.
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Gluing left and right foliations in the reverse order
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x0=2(u—¢)x1—u?42eu
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Gluing left and right foliations in the reverse order

X]1=u—e
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Gluing left and right foliations in the reverse order
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Gluing left and right foliations in the reverse order

xo=2(u+e)x1—u?—2¢cu

x0=2(u—¢)x1—u?42eu

Figure: A triangle gluing right and left tangent foliations.
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An example of gluing by a triangle

AN 4/,
AN 714
AR\ 7/

\ \\\ //{'7
\\\\1 // //

W\ "/ /
N\ /
N\ /
N\

Figure: A triangle gluing left and right tangent foliations.
Example: f(s) = |s|P, p > 2.
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A more difficult example of foliation

Figure: The Monge—Ampeére foliation for f(s) = |s|P, 0 < p < 1.
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A cup: singular foliations
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Figure: The Monge—Ampere foliation for f(s) = —|s|?, 0 < p < 1.
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Equivalence of different BMO-norms
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Equivalence of different BMO-norms

o If0< p<1, then

21727 lgllBmo) < llellBmor) < lellsrog)s
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Equivalence of different BMO-norms

o If0< p<1, then

21727 lgllBmo) < llellBmor) < lellsrog)s
o If1<p<2, then

p

1/p
(Err) " Ielimyow < Ielmmore < lllivow):
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Equivalence of different BMO-norms

o If0< p<1, then

21727 lgllBmo) < llellBmor) < lellsrog)s

e If1<p<2, then

p 1/p
(Err) " Ielimyow < Ielmmore < lllivow):

e If2 < p < oo, then

p 1/p
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Equivalence of different BMO-norms

o If0< p<1, then

21727 lgllBmo) < llellBmor) < lellsrog)s

e If1<p<2, then

p 1/p
(Err) " Ielimyow < Ielmmore < lllivow):

e If2 < p < oo, then

lellemoq) < llellemory < < (P)) lellBmo()-

def P
000y ' 500 / [o(t) ~ () Pt
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A bit more difficult situation
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A bit more difficult situation

A

2e—\

h . Q+
1\ X2 / 1

: % =X

: X =x7 +¢ §

N\ 2 Q;

i 9 | % Lo

: : 5 : :
—e—A e—A —c € A—e Ate ;xl

Figure: f(s) =1 for |s| > X and f(s) =0 for |s| < A
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Explicit Bellman function: the classical form

The function B(x1, x2; A, €) has different expressions in different
subdomains of ).:
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Explicit Bellman function: the classical form

The function B(x1, x2; A, €) has different expressions in different
subdomains of ).:

o ifx €y, then B(xy,x2; A\ e)=1;

xo —2(A+€)xa| + A2 42X
8e2 '

o ifx € Qy, then B(xy,x;\e)=1-—

V.

— = = — SaRe
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Explicit Bellman function: the classical form

The function B(x1, x2; A, €) has different expressions in different
subdomains of ).:

o ifx €y, then B(xy,x2; A\ e)=1;

xa — 2(A+€)xa| + A% + 2eA

o ifx € Qy, then B(xy,x;\e)=1-—

8e2 |
2
o ifx € Q3, then B(x1,x: )\ €) = X2 +)§2 —X21/\|x1\ ;

V.

— = = — SaRe
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Explicit Bellman function: the classical form

The function B(x1, x2; A, €) has different expressions in different
subdomains of ).:

o ifx €y, then B(xy,x2; A\ e)=1;

—2(X A2+ 2eA
o if x € Qy, then B(X]_,X2;>\,€):1—X2 (At ebal + A7+ 2 ;

8e2
2
o ifx € Q3, then B(x1,x: )\ €) = X2 —i—)iz —X21/\|x1\ ;

o if x € Qq, then

2 2
_ e X0 — X |x1]— A xo—xi |
B(x1,2i A &) = = ( - 1—€2> exp{€+ S

v
— = = — SaRe
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Explicit Bellman function: the classical form

The function B(x1, x2; A, €) has different expressions in different
subdomains of ).:

o ifx €y, then B(xy,x2; A\ e)=1;

— 205 A2 4+ 2e)
o if x € Qy, then B(X]_,X2;>\,€):1—X2 ot ellbal 47 F 22 g

8e2
2
o ifx € Q3, then B(x1,x: )\ €) = X2 —i—)iz —X21/\|x1\ ;

o if x € Qq, then

2 2
_ e X0 — X |x1|—A xo—xi |
B(x1,x2; A, e) = 5 ( — 1—€2> exp{g—i— 1— = ;

o ifx € Qs, then B(x1,x2; A\, e) = :;exp{Z _ 2‘} )

— = = = T~
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Classical form of the John—Nirenberg inequality

e2
[{ted: |F(t) = (F),|=2}] < Iexp{ - —}|Jy.

for all functions f € BMO(J). All constants are sharp.
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Extremal problem for two functionals

For two given real-valued function f and g on R, maximize (or minimize)
the value of the following integral functional

(f(#)),

over the ball BMO,(J) assuming the value the second functional (g(¢))

J
to be fixed.
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Extremal problem for two functionals

For two given real-valued function f and g on R, maximize (or minimize)
the value of the following integral functional

(f(#)),

over the ball BMO,(J) assuming the value the second functional (g(¢))

J
to be fixed.

Definition of the corresponding Bellman function.

B(x1, %2, x3;€) © sup { (Fo )}
2
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Extremal problem for two functionals

For two given real-valued function f and g on R, maximize (or minimize)
the value of the following integral functional

(f(#)),

over the ball BMO,(J) assuming the value the second functional (g(¢))

J
to be fixed.

Definition of the corresponding Bellman function.
def
B(x1,x2,x3;¢) = sup {(fogp),}.
@
Supremum is taken over the set of all functions ¢ such that

<()0>J = X1, <<P2>J = X2,
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Extremal problem for two functionals

For two given real-valued function f and g on R, maximize (or minimize)
the value of the following integral functional

(f(#)),

over the ball BMO,(J) assuming the value the second functional (g(¢))

J
to be fixed.

Definition of the corresponding Bellman function.
def
B(x1,x2,x3;¢) = sup {(fogp),}.
@
Supremum is taken over the set of all functions ¢ such that

(o), =x, (¢°),=x, (&8(¥)), =xs,
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Extremal problem for two functionals

For two given real-valued function f and g on R, maximize (or minimize)
the value of the following integral functional

(f(#)),

over the ball BMO,(J) assuming the value the second functional (g(¢))

J
to be fixed.

Definition of the corresponding Bellman function.
def
B(x1,x2,x3;¢) = sup {(fogp),}.
@
Supremum is taken over the set of all functions ¢ such that

(o), =x1, (%), =x  (gle),=x, |el<e.

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021



How to find the Bellman function

Now the Bellman function is defined on the following three dimensional
domain:

Q={x=(x1,x2,x2): x? < xp < xP+¢, B;‘i"(xl,X2) <x3 < BZ¥(x1, %)}
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How to find the Bellman function

Now the Bellman function is defined on the following three dimensional
domain:

Q= {x=(x1,x2,x2): x¥ < xp < xP+e2, B (x1,x2) < x3 < BZ¥(x1,x2)} -
We know the values of B on the skeleton of €:

B(Xl,X%,g(xl); 5) = f(Xl) .
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How to find the Bellman function

Now the Bellman function is defined on the following three dimensional
domain:

Q= {x=(x1,x2,x2): x¥ < xp < xP+e2, Bg‘i"(xl,X2) <x3 < BZ¥(x1, %)}
We know the values of B on the skeleton of €:
B(xl,xf,g(xl);s) = f(x1).

Moreover, since we know everything about solution of the two dimension
problems B, we know the boundary values on the upper boundary
{x3 = Bg™(x1,x2)} and on the lower boundary {x3 = Bg""(x1,x2)}.

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 24/29



How to find the Bellman function

Now the Bellman function is defined on the following three dimensional
domain:

Q= {x=(x1,x2,x2): x¥ < xp < xP+e2, Bg‘i"(xl,X2) <x3 < BZ¥(x1, %)}
We know the values of B on the skeleton of €:
B(xl,xf,g(xl);s) = f(x1).

Moreover, since we know everything about solution of the two dimension
problems B, we know the boundary values on the upper boundary
{x3 = Bg™(x1,x2)} and on the lower boundary {x3 = Bg""(x1,x2)}.

So, to find the function B we look for the minimal locally concave function
on  with the given boundary values.

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 24/29



A triangle gluing right and left tangent foliations

A
\
N 7
AW 77/
\\‘ N\ v
AN /
NN /
N\ /

Figure: Foliation for B®, if g(t) = [t[?, p > 2.
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A cup gluing left and right tangent foliations

Figure: Foliation for B, if g(t) = [t|P, p > 2.
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Foliation for B
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Foliation for B
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Foliation for B
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How to find the sharp constant

After the Bellman function B with f(t) = |t|" and g(t) = |t|P is found, we
are able to calculate the sharp constant as follows:

B(0 ;
C(p’ r) = Sup M .
(0,x2,x3)€EQ X3

Vasily Vasyunin (Steklov Institute) Sharp inequalities on BMO April 8, 2021 28/29



Multiplicative inequality

Theorem
For any interval | € R the inequality

el < C(pur)- el el [ ()t =0, 1<p<rcs,
I

holds with the sharp constant

C(p,r):% if r>2.
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